An analysis of droplet size distribution during monopropellant spray combustion by Kearns, James David
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1974
An analysis of droplet size distribution during
monopropellant spray combustion
James David Kearns
Iowa State University
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Chemical Engineering Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Kearns, James David, "An analysis of droplet size distribution during monopropellant spray combustion " (1974). Retrospective Theses
and Dissertations. 5150.
https://lib.dr.iastate.edu/rtd/5150
INFORMATION TO USERS 
This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted. 
The following explanation of techniques is provided to help you understand 
markings or patterns which may appear on this reproduction. 
1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to Insure you complete continuity. 
2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame. 
3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand corner of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete. 
4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced. 
5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received. 
Xerox University Microfilms 
300 North Zeeb Road 
Ann Arbor, Michigan 48106 
75-10,485 
KEARNS, James David, 1948-
AN ANALYSIS OF DROPLET SIZE DISTRIBUTION 
DURING MONOPROPELLANT SPRAY CCMBUSTim. 
Iowa State University, Ph.D., 1974 
Engineering, chemical 
Xerox UniVGFSSty Microfilins, Ann Arbon Michigan 48106 
THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED. 
An analysis of droplet size distribution during 
monopropeliant spray combustion 
by 
James David Kearns 
A Dissertation Submitted to the 
Graduate Faculty in Partial Fulfillment of 
The Requirements for the Degree of 
DOCTOR OF PHILOSOPHY 
Department: Chemical Engineering and Nuclear Engineering 
Major; Chemical Engineering 
Approved: 
For the Magor Department 
Iowa State University 
Ames, Iowa 
1974 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
il 
TABLE OF CONTENTS 
Page 
NOTATION iv 
General iv 
Greek vi 
Subscripts and Superscripts vi 
INTRODUCTION 1 
LITERATURE REVIEW 6 
Atomization 6 
Droplet Size Distribution 7 
Single Droplet Studies 12 
Ignition 26 
Droplet Arrays, Streams, and Monodisperse Sprays 30 
Flow Patterns 33 
Mathematical Models of Spray Combustion 36 
WELL-STIRRED COMBUSTION CHAMBER MODEL 51 
Atomizer Distribution 51 
CSTR Combustion Chamber 59 
One-Dimensional Flow Analysis 74 
RESULTS AND DISCUSSION 84 
An Illustrative Example for Hydrazine Used as a 
Gas Générant 84 
SUMMARY AND CONCLUSIONS 114 
RECOMMENDATIONS 119 
iii 
Page 
BIBLIOGRAPHY 121 
ACKNOWLEDGMENTS 135 
APPENDIX A. THE JACOBIAN OF THE QUASI-LINEAR PARTIAL 
DIFFERENTIAL EQUATION 136 
APPENDIX B. SOLUTION SURFACE: GEOMETRICAL CONSIDERA­
TIONS 137 
APPENDIX C. FORTRAN IV COMPUTER PROGRAM USED IN 
HYDRAZINE GAS GENERATOR EXAMPLE 140 
Flow Diagram 140 
iv 
NOTATION 
General 
a sonic velocity 
a,b Nukiyama-Tanasawa distribution constants, 
Krier-Wronkiewicz equation constants 
A nozzle area 
A2^ f A2 # , B2 / 0 f C2 f constants 
B transfer number 
c nozzle contraction ratio 
C , specific heat at constant pressure and volume, 
respectively 
d immersion depth 
D droplet diameter 
diffusivity 
erf, erfc error function, complementary error function 
E activation energy 
f number fraction 
F acceleration 
F cumulative number fraction of over-sized droplets 
dimensional gravitation constant 
G dD/dt, growth (-) rate 
h, H enthalpy 
AHrjçn heat of reaction 
i stoichiometric mixture ratio 
J Joule's constant, Jacobian 
V 
thermal conductivity 
total nozzle length 
heat of vaporization 
Lewis number 
mass of fuel 
molecular weight 
molecular weight of decomposition products 
Mach number 
population density 
total number of droplets per unit time 
total number of droplets per unit volume of fuel 
total number of droplets 
pressure 
Prandtl number 
volumetric flow rate 
heat of reaction, breakage function 
droplet radius, rate constant 
over-sized weight fraction in Rosin-Rammler 
distribution 
universal gas constant 
Reynolds number 
drag parameter 
time 
temperature 
velocity 
vi 
V volume 
X distance 
y vapor mass fraction 
z fuel mass fraction 
Greek 
a Nukiyaraa-Tanasawa distribution constants 
Y Ôp/Ôy, volume fraction of fuel 
r gamma function, agglomeration function 
e combustion intensity 
X evaporation constant 
y mass ratio, micron 
I dimensionless distance 
p density 
a standard deviation 
T ignition delay, residence time 
(j> combustion index 
X dimensionless droplet size 
Subscripts and Superscripts 
a adiabatic 
b boiling point 
f flêune surface 
g geometric, vapor phase 
i inlet, initial 
vii 
Z liquid phase 
m, max maximum 
n normal, normalized 
o outlet, initial 
r reference 
s droplet surface 
t, tot nozzle throat, total 
mean, dimensionless 
time derivative 
' specifies one-dimensional section, per unit 
reactor volume 
-»• vector 
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INTRODUCTION 
Many existing combustion processes which have played an 
important role in providing the world's energy requirements 
are being reexamined. This recent scrutiny has devel­
oped from the present realization of future energy needs 
and the growing concern associated with combustion generated 
pollutants. One such category of combustion processes can 
be designated as spray combustion. 
Industrial examples of spray combustion include furnaces, 
gas turbines, liquid rockets, and gas generators. In general, 
spray combustion describes the two-phase combustion of a 
dispersed liquid phase (fuel and/or oxidant) in a hot 
gaseous environment (combustion products). The intensity 
of combustion (or evaporation) is of major importance and 
depends upon the exposed surface area of the liquid phase. 
Normally this is accomplished by the injection and subse­
quent atomization of liquid fuel into a large number of small 
droplets of varying size. After injection and atomization 
the individual droplets in a reaction chamber then evaporate, 
ignite, combust and are exhausted; wherein, the presence of 
uncombusted droplets results in the decrease of efficiency 
and an increase of pollution for the combustion system. 
The simple description of spray combustion which has 
been presented is complicated by the fact that, in practice. 
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many of the processes mentioned occur simultaneously. The 
complexities are increased further by the many types of in­
jection and atomization schemes which are possible. As indi­
cated by Marshall (73), Lee (67), Eisenklam (28), and Put­
nam et (98); nozzle design, operating conditions, and 
properties of the injected fuel and the content of the com­
bustion chamber influence spray combustion. The droplet 
distribution is also a complex function of droplet size and 
position. Furthermore, the combustion process involves simul 
taneous heat and mass transfer as well as chemical reaction. 
Consequently, when the flow pattern of individual drops 
is also considered, it is obvious that a direct analytical 
solution to obtain valuable detailed information is the 
fundamental problem which remains to be solved in spray 
combustion. 
The approach used to obtain useful knowledge about spray 
combustion phenomena is presented in the spray combustion 
reviews of Williams (132, 133), Penner (91), and Hedley 
et al. (40). Essentially, the individual processes in­
volved are isolated and examined both theoretically and 
experimentally. This accounts for the diversity of spray 
combustion literature which can be classified according to 
the following research areas: 
1) studies of the injection and atomization process. 
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2) examination of combustion chamber flow patterns 
using simplified models and cold experimental 
systems, 
3) ignition studies, 
4) evaporation and combustion of isolated drops both 
theoretically and experimentally, 
5) extension of single drop studies to arrays of 
droplets, 
6) investigation of mono-disperse sprays, 
7) experimental studies of poly-disperse sprays, 
8) the formulation of simplified mathematical models 
of spray combustion. 
In summary, the ultimate goal of spray combustion research 
is the appropriate combination of these various areas to 
yield sophisticated models useful in the design and pre­
dictable operation of spray combustion apparatus. 
This report adheres to the traditional method of investi­
gation. Basically, the main emphasis of this work is directed 
toward the examination of the droplet size distribution during 
combustion processes in light of recent advances. This 
theoretical analysis focuses on the complex droplet size 
distribution while simplifications are applied when appro­
priate in order to obtain a tractable method of solution. 
The equations are presented for mathematically modeling 
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the spray combustion process as a well-stirred reactor fol­
lowed by a one-dimensional flow section or nozzle. The well-
stirred reactor concept was first applied to spray combustion 
by Courtney (26) while axially symmetric, one-dimensional 
flow methods have been preferred by Shapiro and Erickson 
(114), Miesse (77), Spalding (120), and Williams (134, 135, 
139). Conceivably, the combination of the two procedures 
would represent the chaotic condition in the combustion cham­
ber close to the injector and the flow situation near the 
exit of the nozzle. This concept has been termed Bragg's 
"criterion" in an investigation of combustion chamber stir­
ring factors by Rao and Essenhigh (102). More recently. 
Beer (14) employed this technique when he successfully 
described mixing patterns in experimental furnaces at the 
International Flame Research Foundation (IFRF). 
The proposed mathematical model will adopt Bragg's 
"criterion". Also, the theory of particulate processes of 
Randolph and Larson (99) calls attention to the applicability 
of the population or numbers balance in two-phase systems. 
In fact, this method is used to account for the spatial and 
size distribution of the droplets in an idealized combustion 
chamber. Other necessary information concerning injection 
is supported by atomization studies of Tanasawa et al. 
(127) while the combustion mechanism will be based on 
evaporation controlled monopropeliant combustion. Finally, 
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the resulting droplet size distribution for the combustion 
chamber will be used with a one-dimensional flow analysis 
which resembles the findings of Williams et al. (140) to 
describe the exit nozzle conditions. 
A detailed model of the changes in the droplet distribu­
tion evolves as the equations representing the combustion 
system are coupled. It is hoped that the model will lend 
itself to manipulations useful in determining a priori esti­
mates of design variables. Ultimately, the model will af­
ford a more rational approach for minimizing the amount of 
unburnt material emitted from spray combustion processes 
which, as stated previously, provides for increased ef­
ficiency and a decrease of pollution. 
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LITERATURE REVIEW 
Atomization 
The first process which takes place during spray com­
bustion is injection of the liquid to be combusted. If the 
injector device produces a spray consisting of a statistical­
ly large number of minute particles the process is termed 
atomization while the device is referred to as an atomizer. 
As pointed out by Putnam et al. (98), the origin of the 
word implies the formation of particles so fine that they 
are indivisible. Romp (106) states that the term is very 
exaggerated and was probably first introduced in 1875 by 
Commander Isherwood, of the American Navy, while examining 
oil burning. 
Almost one-hundred years after the introduction of the 
word, the atomization mechanism is still not completely under­
stood. Unfortunately, advances in the area of jet dis-. 
integration have proceeded slowly since the pioneer work of 
Lord Rayleigh (103) . Joyce (53) has summarized the signifi­
cant factors contributing to atomization as 1) atomizer type 
and dimensions, 2) viscosity, surface tension and density 
of fuel, and 3) viscosity and density of the gas into which 
the fuel is injected. Due to the lack of knowledge concern­
ing the interrelation of these factors a number of mathemati­
cal expressions have been used to define the inlet droplet 
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size distribution. The criterion for selection of a distri­
bution function presented by Marshall (73) is based on 1) 
mathematical simplicity, 2) ease of manipulation in 
computations, and 3) consistency with the physical phenomena 
involved. Some of the mathematical representations of 
sprays have included the normal, log-normal, square-root-
normal, upper-limit, Rosin-Rammler, and Nukiyama-Tanasawa 
di stributions. 
Basically, the droplet size distribution uses a 
continuous curve to represent a frequency distribution. 
Precise analysis requires that a histogram should be utilized 
to represent the number of droplets. An, in a size range, AD. 
Fortunately, the error introduced is insignificant since the 
histogram approaches a continuous curve for atomized sprays. 
Droplet Size Distribution 
Little interest has been generated by the normal 
distribution since experimental data indicate that spray 
size distributions are skewed. This situation can not be 
represented by a symmetrical bell-shaped curve. When used 
the distribution function is expressed as 
a \/2TÏ 
n 
where, 
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D = arithmetic mean 
= standard deviation of normal curve. 
n 
The symmetry problem associated with the normal distribu­
tion is alleviated by using the log-normal distribution. A 
theoretical motivation for its use was provided by Epstein 
(30) in 1947 by using a statistical model that generated a 
size distribution which asymptotically approached the log-
normal function. The log-normal distribution is represented 
by 
, -(In D-ln D_)^/2 In^ 
dn = — e ^ " dD (2) 
D log a^/2TT g 
where, 
Dg = geometric mean drop size 
cTg = geometric standard deviation. 
The normal distribution form can be obtained by substitu­
ting, Z = ln(D/Dg), into the log-normal distribution. A 
slightly different distribution function was derived by 
Mugele and Evans (81) to account for the fact that the drop­
let diameter is physically limited to a maximum size. Their 
maximum diameter modification to the log-normal distribu­
tion, the upper-limit distribution, incorporates the substi­
tution, Z = ln(aD/(D^-D) where, a is a constant determined 
from data and is the maximum diameter. 
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Another variation of the normal distribution was 
presented by Tate and Marshall (130). Apparently, the 
square-root of droplet diameters is normally distributed for 
some pressure atomizers. This distribution is usually 
referred to as the square-root normal distribution. 
One of the most useful empirical expressions resulted 
from studies on coal dusts by Rosin and Rammler (107, 108). 
The original form of the distribution function was written 
as 
where, 
R = weight fraction of the spray composed of drops 
greater in diameter than D, 
b = size constant, 
g = distribution index constant. 
Converting the original expression to^a volume fraction com-
g 
posed of droplets smaller than D, V=l-exp(-bD ), and using 
the relationship, ^  yields the Rosin-Rammler 
particle size distribution 
dn = I" bBD^"* e"bD dD . (4) 
In 1946, the Rosin-Rammler distribution was used by Probert 
(97) in the first investigation of combustion using spray 
distributions. His work provided the impetus for the more 
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exacting treatments of size distributions to follow. 
A more general expression which includes the Rosin-
Rammler distribution as a special case is the Nukiyama-
Tanasawa distribution. The Nukiyama-Tanasawa distribution 
was developed for the characterization of sprays resulting 
from atomizers other than the vortex-type which produces a 
Rosin-Rammler distribution. The distribution function was 
given the following general form by Tanasawa and Tesima 
(125) 
dn = aD^e dD . (5) 
In the original form of the distribution a  equaled 2 ,  
3 was experimentally determined, and a,b,a, and 6 were 
constants independent of D. The terms a and b were deter­
mined by the number of droplets per unit volume and the 
average droplet diameter, respectively. The most important 
aspect regarding the Nukiyama-Tanasawa distribution is that 
Tanasawa and Tesima (125)have experimentally determined the 
constants for swirl, impingement, hole nozzle, and air 
blown atomizers. 
The impingement atomizer is particularly useful for 
monopropellant rocket combustion. Examples of impingement 
atomizers include the Bete nozzle described by Marshall (73), 
the lip-nozzle discussed by Lee (67), and the Junkers-type 
nozzle mentioned by Tanasawa and Toyoda (126). The atomization 
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mechanism consists of high velocity jet disintegration upon 
impact with a solid target. The flat or 180® impingement 
nozzle differs slightly since two liquid jets impinge upon 
each other. This type of atomization produces a Nukiyama-
Tanasawa distribution as shown by xanasawa et al. (127)- A 
method of size analysis of high reliability and accuracy 
presented by Tanasawa and Hiroyasu (124) can be applied to 
impingement atomizers. Also, Putnam et a^. (98) and Rupe 
(110) discussed other experimental procedures for determining 
droplet size distributions. 
Although Eisenklam (28) and Fraser et (34) preferred 
not to rely on mathematical distribution functions in their 
investigations, Lewis et a^. (69) and others have been suc­
cessful with the Nukiyama-Tanasawa distribution. In fact, 
Ingebo (49) compared the Rosin-Rammler, Nukiyama-Tanasawa, 
and log-normal expressions to drop-size photomicrographs 
of an isooctane spray obtained from an orifice atomizer. 
The agreement was excellent (< 1.5%) when both the Nukiyama-
Tanasawa and log-normal comparisons were grouped while the 
Nukiyama-Tanasawa function gave the best results. 
Based on the available information it appears that the Nuki­
yama-Tanasawa distribution satisfactorily meets the require­
ments for selection presented by Marshall (73). 
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Single Droplet Studies 
The theoretical investigations of a single fuel droplet 
provide the fundamental basis of the more complicated spray 
combustion theory. Furthermore^ single isolated drop studies 
have been extremely useful for determining the effect of 
various parameters under controlled experimental conditions. 
The resulting agreement between theory and experiments (e.g., 
predicting burning rate) has been responsible for many of 
the technological advances in the spray combustion field. 
There are two types of droplet combustion depending on 
the liquid fuel itself - bipropellant and monopropellant. 
The bipropellant system consists of fuel and oxidant. The 
fuel droplet vaporizes and fuel vapor flows radially away 
from the drop while oxidant vapor diffuses from the opposite 
direction toward the drop. The combination of the two 
reactants takes place in a region surrounding the drop -
the flame. The energy liberated during the exothermic com­
bustion reaction provides the heat necessary to vaporize 
more fuel to continue the process. Furthermore, as the fuel 
is depleted the droplet shrinks. This system is usually 
referred to as a "diffusion flame" model after the intro­
duction of the term by Burke and Schumann (22) in 1928. On 
the other hand, monopropellant systems involve only a single 
reactant. In a similar manner the fuel vaporizes and fuel 
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vapor flows radially toward the flame. The combustion 
temperature is reached at the flame wherein exothermic de­
composition takes place. This process continues as energy 
is evolved and the droplet shrinks. Some examples of common 
monopropellants such as ethylene oxide and hydrazine are 
discussed by Burden (47). 
Theoretical bipropellant models 
The ideal model proposed by Godsave (37) and illustrated 
in Fig. 1 provides the foundation for the various theoretical 
analyses of high temperature bipropellant evaporation and 
combustion. The model, formulated from experimental investi­
gations performed at the National Gas Turbine Establishment, 
is based on the following simplifying assumptions : 
1) A large temperature difference exists between the 
droplet and the surrounding still atmosphere. A 
situation present during spray combustion. 
2) The spherical fuel droplet (single component) is 
surrounded concentrically by a flame. 
3) Sufficient heat transfer to the droplet is occurring 
to provide the latent heat of vaporization necessary 
to maintain the evaporative mass transfer of fuel 
vapor to the flame. 
4) Oxygen diffuses toward the flame from the surrounding 
atmosphere. 
5) Radiation and thermal diffusion effects are 
negligible. 
6) The system maintains a constant pressure. 
OXYGEN 
OXIDIZER 
ATMOSPHERE 
FLAME 
Figure 1. Ideal combustion model 
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7) Transport coefficients in the energy conservation 
equation may be represented by constants at their 
mean value. 
The solution of the resulting Fourier-Poisson equation deter­
mines the fuel burning rate. 
- 2TrkD ln{l + IC (T,-T^)/L]} 
^  ( 6 )  
Cp[l-(D/Df)] 
where, 
^ = mass burning rate 
k = mean thermal conductivity 
Cp = mean specific heat at constant pressure 
Tg = flame temperature 
Tg = droplet surface temperature 
D = droplet diameter 
= flame diameter 
L = latent heat of vaporization 
Usually, Dg >> D so that the following form is used 
— c (T -T I 
^ = 2T[kD in{l+ -E—I—Ë—}. (7) 
at Cp ^ 
Long (70) extended the above result by including an 
oxygen mass balance which eliminated the unknown flame 
diameter. In addition he assumed the reaction occurs 
instantaneously, called the "thin flame approximation", and 
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that the reactants combine in exact stoichiometric propor­
tions. He obtained the following result 
# = 3# ln{l+ ÎiW, . <8, 
where, 
p = mean density of oxygen 
^ = mean diffusivity of oxygen 
M = molecular weight of oxygen 
n^ = mole fraction of oxygen in the bulk surrounding 
gas 
X = number of moles of combustion products derived from 
stoichiometric combustion of unit mass of fuel 
with oxygen 
Q = number of moles of oxygen required for stoichiometric 
combustion of unit mass of fuel. 
For most fuels Long (70) states that the last term is small 
compared with the first which indicates the combustion is 
controlled by heat transfer. 
Spalding (116) independently derived (assuming Le = 
3c 
= 1; which implies that energy transport by thermal 
conduction and by diffusion is balanced) the same result for 
the rate of mass transfer from a sphere in an infinite stag­
nant atmosphere. He is responsible for the introduction of 
the term "transfer number" usually written as B in the following 
to ^ 2M in(l+B) (9) 
S 
where, 
QY 
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and, 
Q = heat of reaction 
YQ ^  = mass fraction of oxidant in the surrounding 
' atmosphere 
i = stoichiometric mixture ratio of oxidant to fuel. 
In the evaporative limit (heat transfer controlling) 
B = . 
A similar result was derived by Wise and Agoston (141) and 
has been subsequently verified experimentally by Wise et al. 
(142). Other refinements to the original work of Godsave 
(37) can also be found in the derivations of Goldsmith and 
Penner (38) and Hottel et al. (44). 
The final result obtained for the steady-state mass 
burning rate, 
to _ 2nkD in(l+B) = constant x D, (12) 
at « 
or, 
m aD, 
can be extended by using a quasi-steady-state approach. That 
is, assuming the fuel density constant, 
^ = -1 i 
so that, 
^ = - -iE_ ln(l+B>. (14) 
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Integrating, using the fact that D = DQ when t = 0, yields 
2 
the so-called "D law" (D-squared law) 
— ln(l+B)t (15) 
- At (16) 
where, 
i = -2^ ln(l+B) . (17) 
P&Cp 
The constant X is called the "evaporation (or combustion) 
constant" as a result of Probert's (97) study. 
2 The D law is the generally accepted droplet combustion 
theory based on its simplicity and remarkably good agreement 
with experiments. 
In a comparison of theoretical and experimental 
burning rates for benzene Godsave's (37) values differed to 
within less than 2.2%. Despite this success, theoretical 
droplet studies continue primarily as a result of the simpli­
fying assumptions underlying the theory which have been 
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examined by Williams (137) and the inability of the D law 
to predict flame structure (e.g., D^/D ratio) which experi­
mentally has been shown to be time dependent by Isoda and 
Kumagai (50). 
In order to better understand the droplet combustion 
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phenomena, analyses which omit some of the restrictive assump­
tions of the quasi-steady-state theory have been developed. 
These analyses include the study of finite reaction rate, 
pressure, natural and forced convection, and turbulence. 
Using a mass balance for oxygen which included diffusion 
and chemical reaction rate, Williams (138) applied a Shvab-
Zeldovich procedure ((145 ) which extended the quasi-steady-
state result to include the fraction of oxygen at the droplet 
surface, The mass burning rate became 
# = 2# . ,18, 
Cp ^ 
Numerical analysis using an Arrhenius type reaction rate 
indicated that ^ was of the order of 10 ^ implying the 
quasi-steady-state solution holds approximately. In a 
separate approach using a bimolecular Arrhenius expression 
Lorell et (72) found flame thickness was directly related 
to activation energy; as activation energy decreased the thin 
flame approximation became valid. For most common fuels 
the burning rate difference due to the thin flame approxi­
mation is for all practical purposes nonexistent. 
In experimental investigations concerning pressure, the 
mass burning rate has been shown to be proportional to the 
pressure raised to a power less than one. For example. Hall 
and Diederichsen (39) obtained a value of 1/4 for this power. 
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The quasi-steady-state theory predicts that the mass burning 
rate is independent of pressure; Williams (132) agrees and 
attributes the experimental dependence to natural convection. 
For the fine droplets encountered in spray combustion processes 
the effects of natural and forced convection are usually con­
sidered to be small. Furthermore, Kumagai (62) pointed out 
that it is meaningless to compare experiments performed under 
natural convection conditions and the nonconvective quasi-
steady- state theory. 
If forced convection effects are considered important 
the semiempirical approach of Frossling (35) is usually 
employed. A summary of the major forced convection correla­
tions is given by Beer and Chigier (15.) which includes the 
following; 
Ap = 111^(1+0.3 Re^/^Pr^/^), Ranz and Marshall (101) (19) 
1/2 
= 10^(1+0.24 Re ), Agoston et (2) (20) 
Bp = 111^(1+0.22 Re^/2), How (45) (21) 
where, 
ihj, = mass burning rate under forced convection 
Ag = mass burning rate in the absence of convection 
Re = Re based on relative velocity of droplet and gas 
environment. 
Also, it should be noted that Agoston et al. (2) found mass 
burning rates were independent of turbulent intensity while 
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How (45) indicated an increase in mass burning rate with 
turbulence. In contrast, Basevich and Kogarko (13) reported 
the effect of turbulent flow as 
= DQ^-f(p)Xt (22) 
where, 
f(p) = burning probability, f(p) £ 1. 
In light of the fact that the guasi-steady-state analysis 
is an approximation and cannot predict flame structure as 
shown by Isoda and Kumagai (50) and Nuruzzaman and Beér (87) 
some unsteady-state theories have been proposed. An approxi­
mate solution using the time dependent conservation equations 
transformed into the Von Mises plane was obtained by Chervinsky 
(24) . Kotake and Okazaki (59) determined that a quasi-
steady-state is approached near the end of combustion in 
their numerical analysis of the transient problem. Finally, 
in an interesting combination of experimental data with 
existing theory, Krier and Wronkiewicz (61) developed a simple 
analysis which incorporates the transient flame location. They 
approximated the experimental time variation of the flame to 
droplet diameter ratio, F/D, by F/D 2 a+bt where a and b are 
2 
constants. The resulting modification of the D law was 
shown to be 
= DQ^-X[t+ ^  ln(l+ ^ ) ]. (23) 
22 
2 A comparison between the D law and the Krier-Wronkiewicz 
formula has been presented by Kearns (55) indicating the 
physical significance of the constants a and b. Also, it 
should be noted that the droplet combustion problem is a 
physical example of a heat and mass transfer with moving 
boundary type of problem. This general class of problems 
has been extensively treated by Selim and Seagrave (113) 
using integral transforms. 
Experimental techniques 
The experiments performed in single droplet studies 
consist of three basic methods. The techniques employ either 
1) suspended drops, 2) supporting spheres, or 3) drops 
in free flight. 
In the suspended drop method photographic measurements 
are recorded for burning drops suspended by either a silica 
filament used by Godsave (37), Nishiwaki (86), and Monaghan 
et al. (79) or a quartz fiber used in the experiments of 
Kobayasi (58) and Wood et (144). The law can then be 
used in conjunction with the experimental data to determine 
sufficiently accurate values of the evaporation constant. 
Nevertheless, this technique has been questioned because 
some of the assumptions of the quasi-steady-state theory are 
apparently violated. The complications arise due to the non-
spherical droplet geometry resulting from the supporting 
filament and the influence of natural convection. Also, the 
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heat conduction of the connected filament material becomes 
important for small drops. 
The rigid supporting sphere method was introduced by 
Spalding (115, 117) to eliminate the problem of unsymmetrical 
geometry. The technique utilized wetted-solid spheres. 
The more recent investigations of Wise et (142) , Wood 
et al. (144), and Udelson (131) have used porous spheres of 
alumdum (catalyst support material) or fused alumina. Es­
sentially, the method employs a porous sphere into which fuel 
is pumped through a hypodermic feed line which also serves 
as a support. Then the fuel flow rate is adjusted until 
2 
steady-state is reached. Comparison with the D law and the 
determination of the evaporation constant is accomplished 
by using several spheres of varying size. In some situations, 
the heat conduction of the support and sphere continues to 
be a problem. 
The most thorough investigation to date was performed 
by Kumagai et (65) . Falling drop techniques have been 
used by Bolt and Saad (18) which implied the validity of the 
2 D law for droplets photographed while falling through a 
furnace. However, the studies of Kumagai (62), Kumagai 
and Isoda (64), and Isoda and Kumagai {50) culminated with 
the rigorous investigation of Kumagai et a2. (65). Basical­
ly, the complications inherent in the other methods were 
eliminated by photographing the free-falling, zero gravity 
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combustion of n--heptane. As anticipated, the investiga­
tion revealed better agreement between theoretical and experi­
mental values of the evaporation constant. 
Monopropellant combustion 
The investigation of monopropellant droplet combustion 
is complicated by the influence of finite reaction kinetics. 
The importance of chemical reactions can be more or less 
dominant depending upon the exact situation. This fact more 
than any other is responsible for the controversy surrounding 
the burning rate dependence upon diameter. 
In general, the models for monopropellant droplet com­
bustion are analogous to the bipropellant droplet models 
which include finite kinetic considerations. Lorell and 
Wise (71) numerically analyzed the unimolecular decomposi­
tion of hydrazine and obtained mass burning rates of the 
same order of magnitude as bipropellant fuels. Jain (51) 
found that the differences between numerical solutions and 
the thin flame approximation were small. Assuming large 
activation energies Spalding and Jain (122)examined mono­
propellant decomposition and determined that in the evapo­
rative limit, maD. Some examples of vaporization limited 
spray combustion of monopropellants were examined by Mayer 
(76). Furthermore, experiments performed by Antoine (10) 
indicated that at high pressures evaporation, not kinetics, 
control. Rosser and Peskin (109) experimentally verified 
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râaD for large activation energies but also maD^ for low 
activation energies (high reaction rates). However, Fendell 
(33) suggested that râaD at low activation energies. 
The formulation of the dependence of mass burning rate 
on droplet diameter is probably best depicted by Williams 
(136) Tarifa ^  al. (129),and Jain and Ramani (52). in these 
investigations it was discovered that m was proportional to D 
raised to a variable power. The results were stated as 
(DQ^-D^)a(t-tQ), llk<2, Williams (136) (24) 
k=l, small E 
k=2, large E 
X = - l<n<2. Tarifa et al. (129) (25) 
n=l, small E 
n=2, large E 
^a^^sa' 11P£2, Jain and Ramani (52) (26) 
p=l, pure vaporization, large E and/or small D, 
p=2, strong burning, small E and/or large D, 
where, 
E = activation energy 
M = dimensionless mass burning rate 
O. 
R , = dimensionless droplet radius, 
sa ^ 
Therefore, it seems that the quasi-steady-state theory useful 
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in bipropellant droplet combustion should also apply to 
monopropellant systems consisting of small drops and/or 
possessing large activation energy. 
Other studies relevant to monopropellant droplet com­
bustion are concerned with forced convection and hybrid 
combustion. The effect of forced convection was shown by 
Faeth (31) to be unimportant until a critical Reynolds number 
is reached. Above this critical value evaporation was rate 
controlling. The term hybrid combustion has been used to 
describe the combustion of monopropellant droplets in an 
oxidizing atmosphere. Obviously, the degree of complexity 
increases which is apparent from the model proposed by Allison 
and Faeth (3) wherein the liquid monopropellant is surrounded 
by a monopropellant decomposition flame which in turn is 
surrounded by a bipropellant flame. 
Ignition 
Prior to the establishment of steady-state in spray 
combustion processes the atomized droplets pass through a 
transition period. This transition period is usually referred 
to as ignition. From the standpoint of the individual drop­
lets, ignition represents the time between droplet atomiza-
tion and flame formation (i.e., ignition delay). 
Ignition was described by Peskin and Wise (93) and Peskin 
et al. (92) as the transition from low temperature or 
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kinetically controlled phenomenon to high temperature and 
diffusionally controlled phenomenon. The two accepted 
theories for droplet ignition are classified as thermal or 
spontaneous ignition and propagating or network ignition. 
Spontaneous ignition deals with droplets exposed to a hot 
environment while network ignition examines the influence of 
a droplet when in the vicinity of a burning droplet. 
Spontaneous ignition 
Most of the efforts to date have been directed toward 
the investigation of spontaneous ignition. Altman and Penner 
(6) mention that the term "hypergolic" is frequently used 
to describe spontaneously-igniting propellants. Furthermore, 
Huzel and Huang (48) state that the word, coined by the German 
chemist, Noeggerath, comes from the Greek for "high energy 
liquid". As explained by Mullins and Penner (84) this type 
of ignition applies to most spray combustion behavior. They 
also presented a survey of ignition delay data in the 1-100 
msec range. 
Experiments performed by Kobayasi (58) and Nishiwaki 
(86) indicated the existence of an ignition delay period 
prior to the presence of the quasi-steady-state condi­
tion. Williams (137) stated that the duration of the 
initial unsteady-state period compared favorably with the 
droplet ignition delay time of these studies. Nishiwaki's 
(86) experiments consisted of the photographic examination of 
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fuel droplets suspended in a furnace. Two distinct regions 
were detected before ignition. The first was the time re­
quired to begin evaporation, followed by the time between 
evaporation and ignition, The total ignition delay was 
represented by In support of their results, 
Kumagai (63) used a statistical analysis to develop an ex­
pression for ignition delay which was comprised of two terms. 
In the semiempirical studies of El-Wakil and Abdou (29) 
the first period was termed "physical delay" and the second 
"chemical delay". The total ignition delay consisted of 
both modes of delay but was not the arithmetic sum due to 
the overlap of mechanisms. They obtained the following result 
for diffusion flames of various hydrocarbons 
=10.3 exp(A+Bn) ^27) 
A = 20.5-35.9 (jsso^ 13.2 (^SSQ^ 
B = 0.364 (7.775-ln T^) 
where, 
= total ignition delay, sec. 
DQ = initial droplet diameter, in. 
Tg = free stream temperature, *R 
n = number of carbon atoms. 
Mullins (82, 83) examined the effect of activation energy on 
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ignition delay which indicated the influence of temperature. 
Masdin and Thring (74) extended his findings to their data 
which was expressed as 
ti = A exp(b/T) (28) 
where, 
tj^ = ignition delay, sec. 
T = absolute temperature 
A,b=constants, dependent upon fuel type. 
In rather elaborate schemes including kinetics, Poly-
meropoulos and Peskin (94) numerically examined ignition 
while LeMott et (68) determined that ignition was 
controlled by pre-exponential rate factors, activation 
energy, and controlling reaction orders. They also conclu­
ded that droplet ignition temperature increases as size 
decreases. It was pointed out, however, that this conclusion 
does not necessarily imply easier or cleaner combustion of 
larger drops. What it does imply is more complete combustion 
of smaller drops, since more vaporization will occur before 
ignition. 
Network ignition 
Very few investigations of network ignition have been 
attempted. However, Reichenbach et a^. (104) and Burgoyne and 
Cohen (21) have studied flame propagation in liquid fuel 
droplet arrays. The time of flame propagation, between 
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liquid octane droplets suspended in one-dimensional arrays 
was obtained. The data suggested that was dependent upon 
both the droplet size and spacing, represented by the im­
mersion depth, d. Immersion depths were defined as the 
minimum depths to which the unburned droplets are immersed 
in the hot gas region of the adjacent burning droplets. The 
correlation of data implied the following relationship 
= constant. (29) 
Droplet Arrays, Streams, and Monodisperse 
Sprays 
Spray combustion entails the combustion of more than a 
single droplet. Therefore, attempts have been made to examine 
the appropriateness of the quasi-steady-state theory for 
droplets burning in close proximity. Wood et a^. (143) 
found that the quasi-steady-state theory provided good agree­
ment for dilute sprays of hexadecane. However, experiments 
utilizing two, five, and nine droplet arrays, as well as, 
monosized streams and uniform sprays indicate quite a dis­
parity. 
Rex et al. (105) and Penner (90, 91) examined the 
interaction on burning for two and five droplet arrays sus-
2 pended by quartz fibers. In both instances the D law held 
and X was constant for a particular experiment. The values 
of A were shown to vary, however, with the separation distance. 
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As the separation increased, X increased from low values to 
a maximum until large separations caused a decrease in A 
which approached the value obtained in single droplet studies. 
The two-droplet array data were correlated with a modified 
2 D law for initial drop sizes differing less than 20%. 
The results were expressed as 
—2 —0^ — 
= or - Xt (30) 
where, 
D = 
D° = l/2(Di°+D2°) 
I = i/ia^+x^) 
and subscripts 1 and 2 refer to the individual droplets. 
For the five droplet experiments, four droplets were located 
at the corners of a square and the fifth was in the center. 
The X value for the center droplet was approximately 20% 
larger than those obtained for droplet pairs. 
Nine stationary fuel droplets arranged in a body-centered 
2 
cubic lattice were studied by Kanevsky (54). Again the D 
law held and X was a constant dependent upon spacing. The X 
value for the droplet suspended in the middle was approxi­
mately 40% less than the single droplet value. It is 
interesting to note that Isoda and Kumagai (50) found X to 
be 60% of single droplet values in their falling chamber 
experiments. Correcting Godsave's (37) value for n-heptane 
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2 (0.97 mm /sec) using the above approximations yields a dif­
ference of less than 3.6% indicating that convection probably 
plays an important role in the array experiments. 
The effect of the interaction of droplets has been ex­
tended from arrays to monosized streams of droplets and uni­
form sprays by Nuruzzaman et al. (88) and Bolt and Boyle 
2 (17), respectively. The D law was verified but X was only 
50% of the single droplet value. A rough approximation for 
n-heptane incorporating Isoda and Kumagai's (50) correction 
seems to imply interaction effects cause differences of about 
13%. 
Whether or not the quasi-steady-state theory rigorously 
applies to spray combustion is open to question. However, 
Kanevsky (54) strongly indicated its usefulness when he 
stated that; 
Since any finite spray can be approximated as a 
superposition of three-dimensional arrays, the results 
on interference during droplet burning suggest that 
2 2 (a) the relation D =Dg -Xt, represents a phenomeno-
logically acceptable description for spray combustion, 
and (b) the absolute value of A depends not only on 
the physico-chemical properties of the fuel-oxidizer 
system but also on geometric factors affecting spray 
design. 
Furthermore, he concluded: 
The present results indicate that an analytical 
treatment of spray combustion, of the type first 
worked out by Probert (97), should be useful for a 
description of over-all burning rate provided an 
appropriate average value can be determined for the 
evaporation constant, X. 
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Flow Patterns 
Both Bragg and Holliday (19) and Spalding (118) indi­
cated that the ideal combustion chamber should possess a 
primary (well-stirred) section followed by a secondary (plug-
flow) section for maximum combustion intensity. In order 
to investigate the flow situation for practical combustors, 
cold model experiments have been devised. These models 
employ a transparent combustion chamber in which air or water 
represents the continuous phase. Beer and Chigier (15) 
pointed out that the dispersed phase frequently consists of 
fine balsa dust or smoke in the air models, while water 
models normally use polystyrene particles, air bubbles, or 
aluminum powder. The resulting photographic flow visualiza­
tion information provides a qualitative description of the 
flow pattern. 
Obviously, the flow visualization technique does not 
completely model spray combustion processes. However, 
Spalding (121) indicated its applicability when he suggested 
the following rules for partial modeling: 
1) The strict requirements of similarity theory are so 
numerous that complete modeling of combustion processes is 
practically impossible. For this reason, only partial model­
ing is practicable. 
2) Partial modeling gives useful results in combustion 
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work mainly because the fluid-mechanical processes are not 
greatly influenced by mixing, and mixing is little influenced 
by chemical reaction. Success in modeling depends on the 
recognition and exploitation of such weak influences. One 
of the main functions of theory in combustion research is to 
facilitate this recognition. 
3) No absolute or final decision can be made about 
the permissibility of a given modeling technique; the 
decision must always depend on the interests of the experi­
menter, the accuracy and urgency of the required prediction, 
and the availability of other techniques. Often the modeling 
technique which most flagrantly flouts the similarity rules 
is the most useful one in practice. 
Experimentally, Clarke ^  al. (25) applied the water 
flow visualization technique to a transparent plastic replica 
of a gas turbine. The isothermal model indicated that the 
primary recirculatory flow was followed by plug-type flow. 
Photographic two-dimensional combustion studies were performed 
by Altseimer (8). His experimental model consisted of a 
slice (approximately 1/2 in.) from a lOOO-r^lb. thrust chamber 
enclosed in a transparent shell. The results also indicated 
that a plug-flow region followed the well-stirred region. 
This same trend was observed by Hern et (41) when they 
flashed hot kerosene in a vertical tube. This gave a phase 
change which provided a density change of the same order of 
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magnitude as that which occurs between the injector and the 
exhaust nozzle of an actual liquid rocket combustor. 
In the more recent study of Beer and Lee (16) 
experiments were carried out with a 1/10 scale isothermal 
water model of the IJmuiden furnace of the IFRF (Internation­
al Flame Research Foundation) and the furnace itself. They 
were able to model the burning of pulverized anthracite by the 
combination of a perfectly stirred combustor followed by a 
plug-flow combustor. The 'well stirred-plug flow' concept 
was summarized in detail by Beér (14) when he stated; 
It follows from the nature of jet mixing in reac­
tors and furnaces that the energy available at the 
burner in the form of momentum flux is affecting 
turbulent mixing mostly in the region close to the 
burner. Further away from the burner nozzle kinetic 
energy of the turbulent motion is dissipated by work­
ing against the viscous forces in the fluid and the 
nature of the flow in the burner has therefore little 
effect upon the flow pattern far downstream of the 
burner. This picture of the mixing process is con­
sistent with the assumption that the furnace volume 
can be considered to consist of a 'well-stirred' and a 
'plug-flow' region. Ideally properties of fluid in 
a 'well-stirred' vessel with continuous flow are uni­
form and identical with those of the outgoing stream. 
In 'plug-flow' elements of fluid move through the reac­
tion vessel with properties uniform in any cross 
section perpendicular to the direction of flow but 
may vary along the flow. 
This idea has been extended by Rao and Essenhigh (102) to 
include the degree of swirl by incorporation of a stirring 
factor. 
Finally, it is interesting to note that the rocket 
propulsion system of Sanger (111) in 1942 actually consisted 
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of a spherical combustion chamber followed by an exhaust 
nozzle. 
Mathematical Models of Spray Combustion 
The most elementary situation that can exist during 
spray combustion is complete combustion. Then the combustion 
chamber model is usually examined by considering the isen-
tropic expansion of an ideal gas through the exhaust nozzle 
of an adiabatic system. This type of analysis can be found 
in most introductory gas dynamics or rocket propulsion texts 
such as Chapman and Walker (23) or Sutton (123). 
If it is assumed that the combustion reactions do not 
proceed any further during nozzle expansion the term 'frozen' 
flow applies. Another common procedure employed by Altman 
and Penner (5) results from the assumption that equilibrium 
exists during the expansion. However, the nonequilibrium 
condition used by Bray (20) is probably more accurate. He 
examined the nozzle expansion by first assuming that equilib­
rium exists in the exhaust nozzle inlet where high tempera­
tures prevail. As the expansion proceeds through the nozzle 
the temperature decreases until the temperature sensitive 
combustion reactions cease (i.e., frozen flow). 
The examination becomes more realistic, however, when 
two phases are considered. Ironically, two-phase (in­
complete combustion) analyses must be utilized to achieve the 
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desired result-complete combustion. Also, two-phase flow 
must be considered in order to obtain information concerning 
the droplet size distribution. 
Two-phase, no reaction 
Tangren et al. (128) obtained very interesting results 
even though their model assumed that the mass ratio (i.e., 
y = = mass of vapor/mass of liquid) was constant. A 
mixture density for the two-phase system was obtained, as­
suming the vapor is an ideal gas, which was used in the energy 
equation to obtain the following adiabatic mixture flow 
equation 
r-1 
p r p_.(i+.ii) -r 
^ = constant; or, P[-a—^—] = constant (31) 
where, 
Cp = specific heat of vapor at constant pressure 
0^ = specific heat of vapor at constant volume 
= specific heat of liquid. 
For comparison, the adiabatic flow equation of an ideal gas 
is 
izi 
^ ^  = constant; or, Pp^ ^  = constant (32) 
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where. 
It can be seen that r for the mixture has the same signifi­
cance as Y for the ideal gas. As (pure vapor) , 
= Yf giving the ideal gas adiabatic flow expression. 
On the other hand, as y-»-C (pure liquid), r->1.0, implying that 
the process is isothermal. 
Other nonreactive investigations similar to that of 
Tangren et al. (128) were performed by Hoglund (43) and 
Maxwell et al. (75). These analyses, however, were con­
cerned with the presence of solid particles during expan­
sion. The major emphasis was placed on the effect of the 
velocity and thermal lags of the metal oxide combustion 
products resulting from metallic fuel constituents. Also, 
Classman and Sawyer (36) discussed some of the more complete 
treatments of velocity and thermal lags presented by Kliegel 
(56) and extended by Kliegel and Nickerson (57). Unfortu­
nately, they did not consider phase changes. On the other 
hand, Altman and Carter (4) examined one-dimensional, two-
phase flow and determined that, for the small particles of 
the size encountered during spray combustion, the droplet 
velocity lag is small and thermal equilibrium exists. For 
larger droplets Bailey et a^. (12) indicated that lags 
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could be reduced by lengthening the nozzle or increasing the 
nozzle throat radius. Also, Fauske (32) examined two-phase 
flow but his analysis is not directly applicable to spray 
combustion because he considered only one component. 
One-dimensional flow models 
For many practical combustion chambers a detailed 
theoretical analysis in terms of basic physical and chemical 
processes is difficult if the complicated flow pattern is 
considered. Consequently, most of the theoretical work has 
dealt with simple flow models in an attempt to predict com­
bustion performance to a satisfactory degree. This procedure 
has been utilized in many investigations which include 
evaporation or combustion by employing a one-dimensional, two -
phase flow analysis. 
Kinetics controlling Miesse (77, 78) examined 
the effect of chemical kinetics controlling the rate of 
combustion in a one-dimensional, two-phase system. His 
analysis was based on the following assumptions; 
(1) the propellant reacts only in the vapor phase, (2) 
the propellant vapors react as a single chemical substance 
(similar to monopropellant decomposition), and (3) the sys­
tem is isothermal. The kinetic rate equation was written 
as 
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dw = rw"dt (33) 
where, 
dw = % of propellant converted in ':ime, dt 
r = reaction frequency or rate constant, sec ^ 
W = % of unreacted propellant available. 
Combination of the rate equation with the mass burning rate 
2 
obtained from the D law 
y = f dy ^ dt (34) 
0 
and the propellant mass balance 
W = L-Y3/2_W, (35) 
gave an expression for the amount of propellant converted 
(assuming first order reaction, n=l) 
- e^^(erf/b-erf/5y) (36) 
where, 
b = tDQ^/X. 
The results which were obtained indicated that finer atomiza-
tion or higher temperature increases performance. The re­
sults also implied that the influence of chemical kinetics 
is minor and that in the majority of cases physical processes 
such as droplet vaporization are combustion rate controlling. 
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Vaporization controlling The vaporization rate 
controlling aspect has been successfully exploited in studies 
of rocket combustion chambers. Priem (95) made that assump­
tion to determine the chamber length necessary for complete 
vaporization of a single droplet. Priem and Heidmann (96) 
and Lambiris and Combs (66) enlarged the scope of the in­
vestigation by including in their numerical analyses of pro-
pell ant vaporization as a design criterion for rocket engine 
combustion chambers the log-normal and Nukiyama-Tanasawa 
droplet size distributions, respectively. Comparisons be­
tween experimental and calculated efficiencies indicated 
that propellant vaporization is the rate controlling step 
in most rocket combustors. Furthermore, the influence of 
droplet size distributions similar to the Nukiyama-Tanasawa 
distribution was also examined by Mayer (76) in relation 
to vaporization rate limited combustion of monopropellants. 
Uniform sprays The theoretical analysis of one-
dimensional, vaporization controlled combustion of a mono-
sized spray has been developed by Spalding (119, 120, 122) 
and extended by Adler (1). The effect of droplet drag was 
incorporated into the model derived from the quasi-steady-
state droplet theory and appropriate conservation equations. 
The following system of dimensionless equations resulted 
which are dependent upon initial droplet velocity and drop­
let drag; 
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« = (37) 
X = [Xo+3/(S-3)];S + 1 - ç^S/(S-3) (38) 
r= t| = 2+S^° (39) 
'ç=0 or x=x* 
where. 
Ç = —, dimensionless droplet radius 
^0 
P V 
W = ^ dimensionless gas velocity 
PoV, 
X = —, dimensionless droplet velocity 
M = total mass flux 
and 
W = 1-ç^, Xq = x | x=o 
xkp 
I = —A °— ln(l+B), dimensionless distance along thrust 
fo CpP*" 
chamber 
9 (C_yj,/k) 9P 
S = g-" = , drag approximation parameter 
Ad AO 
B = transfer number, dimensionless 
Since the spray is mono-sized all of the droplets become 
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completely vaporized at the same distance from the injector. 
Using an a posteriori approach, the nozzle area expansion 
ratio was calculated for a DeLaval nozzle assuming one-
dimensional isentropic flow of gases only. The combustion 
chamber length necessary to insure complete vaporization was 
then back-calculated using the design parameter, L*. That 
is 
where, 
M = Mach number = M/p a, (a = sonic velocity of 
^ ^ expansion gas) 
and 
Ax* combustion chamber volume L* = 
throat area 
The final result was expressed as 
T+3-
^ ^^0 [y+l ^  (p a.) (Y+1) ^ 
L* = V 2 . (41) 
(%^) ln(l+B) 
More recently, Rannie (100) developed a perturbation analysis 
for mono-sized, two-phase flow and indicated the procedure 
necessary for the consideration of distributed particle sizes. 
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Nonuniform sprays A number of investigators have 
used the rate equation for the combustion of single droplets 
and various initial size distribution functions to formulate 
models to predict the combustion rates of nonuniform sprays. 
The first of these one-dimensional, two-phase theoretical 
models was developed by Probert (97). He calculated the 
volume-diameter mean from the Rosin-Rammler distribution and 
2 
used the D law to calculate the combustion rate assuming 
that the combusting spray consisted of a constant number of 
drops with the same mass-median diameter as the initial 
spray. His results indicated that for rapid combustion a 
spray must possess a small size constant and a large dis­
persion index. 
Tanasawa and Tesima(125) applied a similar procedure 
using the more general Nukiyama-Tanasawa distribution. They 
concluded that the rate of combustion was only slightly 
affected by the size distribution of drops but was strongly 
affected by the volume-surface (Sauter (112)) mean diameter. 
Parts of these early works have been confirmed while 
other aspects have been refuted by the numerical analyses 
performed by Dickinson and Marshall (27) using log and square-
root-normal, Rosin-Rammler, and Nukiyama-Tanasawa distribu­
tions and Nuruzzaman et al. (gg) using the Rosin-Rammler 
distribution. The results indicated that sprays with less 
uniform droplet size distributions combust more rapidly in 
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the initial interval of time than more uniform sprays 
with the same mean diameter because the many smaller drop­
lets initially present combust at higher rates. However, 
the less uniform sprays take much longer for complete com­
bustion since there are more large droplets which combust 
slowly. Also, the size distribution of droplets changes 
during combustion. There is a general tendency for the 
average diameter of the remaining droplets to increase in 
the moderately or highly nonuniform sprays and to decrease 
in the more uniform sprays. Furthermore, greatly different 
lengths of time are required for the combustion of sprays 
which have different distributions but the same Sauter mean 
diameter. No mean diameter can adequately characterize a 
nonuniform spray with respect to its combustion behavior. 
Rather, the distribution of droplet sizes must be taken into 
account. 
Sprays In order to describe the complex situation 
encountered in sprays, Williams (139)formally derived the 
statistical approach which is required. A previous descrip­
tion of sprays which was to a large extent phenomenological 
was presented by Shapiro and Erickson (114), Williams (134) 
stated that in principle, for a spray composed of N particles, 
a complete statistical description of the system involves the 
specification of the Nth order distribution function in the 
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phase space consisting of 3N spatial coordinates, 3N velocity 
coordinates, and, in general, eai infinite number of coordi­
nates determining the value and time rate of change of the 
size and shape of the particles. As indicated by Hulburt 
and Katz (46) the Liouville theorem governs the behavior 
of this distribution function, and the single-particle 
probability density is obtained by successive integrations. 
Unfortunately, the complexity of the system necessitates 
a physical derivation of the equation governing the distribu­
tion function such as the population balance presented by 
Randolph and Larson (99). 
For small droplets with low velocities relative to the 
gas and for dilute sprays with small ratios of the inter-
droplet collision duration time to the time bëtween collisions, 
it is reasonable to assume that all droplets are spherical or, 
more generally, that a single parameter is sufficient to 
characterize the size and shape of thé particles. Under 
these conditions it is possible to derive an equation for 
the time rate of change of the probable number of droplets 
f (r,x,v,t)drdxdv, 
with radius between r and r+dr located in the position 
range dit about it (spatial elements of phase space) with a 
velocity in the range dv about v (velocity elements of 
phase space) at time t. The governing equation is 
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Il = - ^ (Rf) - ($f) - V^- (Ff) + Q + r (42) 
where R = dr/dt is the particle growth rate (used in an 
algebraic sense) and is negative for combustion, f* = dv/dt 
is the particle acceleration, the source term Q accounts 
for the formation of new particles, and r represents the 
rate of increase of f caused by collisions between droplets. 
Williams' (134, 135, 139, 140) analytical solutions are 
contingent upon the following simplifying assumptions: 
1. the flow problem may be described adequately by a 
one-dimensional analysis; 
2 2. droplet evaporation according to the D law is the 
rate-controlling process and the subsequent gas-
phase chemical reactions proceed infinitely fast; 
3. the pressure in the combustion chamber may be 
assumed to be constant; 
4. the gas temperature in the combustion chamber is 
constant and equal to the adiabatic flame temperature. 
Using the Rosin-Rammler distribution, he has obtained relative­
ly successful results which are equivalent to the elaborate 
numerical solutions also using the one-dimensional flow 
approximation. However, Penner (9i) points out that it is 
difficult to assess the errors introduced by the specified 
approximations but it appears nevertheless intuitively 
plausible that the drastic assumption contained in one-
dimensional flow probably produces the most extensive distor­
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tion of the computed data. 
This seems to indicate that in addition to the one-
dimensional flow analysis a spray combustion model including 
a stirred portion would be desirable. In fact, some models 
based entirely on the well-stirred concept have been proposed. 
Well-stirred models 
To account for the chaotic conditions found in actual 
spray combustion chambers ^ Courtney (26) considered the 
combustion of a liquid monopropeliant in a well-stirred 
reactor. His model was based on a spray which instantaneously 
mixes with the combustion chamber contents, becomes sur­
rounded by a flame envelope, and the droplets progressively 
2 bum according to the D law. The chamber contents then 
pass through an exhaust nozzle. The steady-state analysis 
assumes no droplet agglomeration or fracture. Unfortunately, 
he also assumed that all the droplets leave the combustion 
chamber before being completely burned. His result for com­
bustion intensity, e (grams of fuel burned per liter of cham­
ber volume per sec) can only be solved numerically. How­
ever, the following approximation for mono-sized sprays 
was developed, 
^0 
e ^ 5 (43) 
l+(2rO *o/5APg) 
where, 
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fl- = mass flow rate into the well-stirred reactor. 
u 
Although systems of drops evaporating in stirred 
reactors have received little other attention, Newbold and 
Amundson (85) mentioned that some particulate systems have 
been studied which are described by an analogous set of 
equations. The essential differences in these systems, and 
in the models proposed for them, occur in the changes 
taking place within the particles and in the nature of the 
interaction among the particles and between the particles 
and the continuous phase. Fortunately, examples of such 
systems have been reviewed in Randolph and Larson's (99) 
theory of particulate processes which emphasizes crystal­
lization applications. 
Well-stirred models - further consideration Despite 
the importance of the application of the well-stirred con­
cept to spray combustion models few studies have been under­
taken. Furthermore, the work to date is rather restrictive 
and probably not flexible enough to be coupled with one-
dimensional flow models which include more complex treat­
ment of nonuniform sprays. However, this work presents a 
method of modeling well-stirred spray combustion systems 
which unlike Courtney's (26) approach includes the possi­
bility of droplet burnout and analytically examines non­
uniform sprays resulting from the type of droplet size 
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distribution generated by certain inçiingement atomizers. 
The equations derived from the application of particulate 
theory cind the D droplet combustion law are also compatible 
for introduction into one-dimensional flow analyses. 
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WELL-STIRRED COMBUSTION CHAMBER MODEL 
The system of equations necessary to model the droplet 
size distribution changes that occur during steady-state 
operation of the ideal combustion chamber shown in Figure 
2 is presented. The analysis entails the injector (im­
pingement atomizer) which provides the Nukiyama-Tanasawa 
inlet distribution and the continuous stirred-tank reactor 
(CSTR) section which models the combustion chamber and pro­
vides an outlet distribution compatible with one-dimensional 
flow analyses. It will be assumed throughout that the fuel 
is a monopropellant. As pointed out by Krieg (60) the 
preparation time is extremely short for monopropellants 
since fuel and oxidizer collision is not necessary for de­
composition, thus practically eliminating ignition delay 
considerations. 
Atomizer Distribution 
Since the inlet size distribution of fuel droplets 
depends upon the type of injector used, it is necessary 
to select an injector system. A practical selection from 
the standpoint of versatility and extensive experimental 
treatment is the impingement nozzle. Specifically, the in­
formation obtained by Tanasawa et al. (127) regarding the 
flat or 180® impingement atomizer which satisfied Marshall's 
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OUTLET 
® © ® / ® 
® ""T/o 
® ® ® "a ® 
n,r 
NOZZLE 
INLET 
o 
CSTR 
= q.y.N. , total number of droplets per unit time entering CSTR from 
' ' ' 'T injector. 
n = qyN_, total number of droplets per unit time leaving CSTR and 
entering one-dimensional.flow section. 
Ny = VyNy total number of dn^lets in CSTR. 
F., cumulative number fraction of over-sized droplets entering 
' and leaving CSTR, respectively. 
Figure 2. Ideal combustion chamber 
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(73) criteria was utilized. 
The droplet size distribution resulting from the im­
pingement atomizer used by Tanasawa et (127) was deter­
mined in the droplet size distribution studies of Tanasawa 
and Tesima (125). They fit the experimental data for 
swirlf impingement, hole nozzle, and air blown atomizers 
with the Nukiyama-Tanasawa distribution and thereby obtained 
the constants necessary for its use. The general Nukiyama-
Tanasawa distribution function was given by 
dn = aD^sxp(-bD^)dD (44) 
where, 
dn = the number of droplets in size class, dD 
For the impingement atomizer in particular 
a = constant, y 
b = constant, y 
a = dimensionless constant = 1 
g = dimensionless constant = 1 
which gives 
dn = aD exp(-bD)dD (45) 
a gamma size distribution with an additional parameter 
that represents the slope at D = 0, a, and the usual 
mode of 1/b. 
To use the Nukiyama-Tanasawa distribution as the in­
put to the CSTR it is useful to convert to a population 
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density distribution function. Therefore, n^(D), the num­
ber of droplets per unit volume per size class, will be 
determined. First, however, the total volume of droplets 
must be determined, 
.00 
VTOT = j § exp(-bD)dD . (46) 
Integration yields 
= f = 4: (b>0). (47) 
Defining 
n^(D) = ^  D exp(-bD) 
(48) 
(49) 
where, D is in microns, y, and n^(0) = 0 as well as n^(«') = 
0. Furthermore, 
= "i'è' = lî 
and 
r b^ 
Hi(D)tot = n^(D)dD = ^  . (50) 
Another extremely useful method of representing the 
population density distribution function employs the cumu­
lative number fraction of over-sized droplets. For 
example 
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• 00 0CO 
J^ n i W d D  
00
(D)dD 
Fi(D) = -p = = J fi(D)dD (51) 
n.(D)dD 
Jo 1 
where, 
f•(D) = number fraction of sprayed droplets in size 
class dD 
F.(D) = cumulative number fraction of sprayed droplets 
^ larger than size D. 
Furthermore, 
Fj^(O) =1, F\(=) = 0, (52) 
and 
dF.(D) -n.(D) 
-as- = -ir- • (53) 
Therefore, the Nukiyama-Tanasawa distribution for impinge­
ment atomizers can be represented by 
F^(D) = (l+bD)e"bD 
^ 
Figure 3 illustrates typical n^(D) and F^(D) distributions 
for impingement atomizers. Also, a summary of definitions 
used for various distribution parameters written in terms 
of D and x is given in Table 1. 
Figure 3. Droplet population density (n^) and cumulative 
over-sized distributions (F^) for impingement 
atomizer 
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Table 1. Definitions^ of distributional parameters in terms 
of D and X 
n^(D) number of droplets per unit volume of fuel per 
droplet size class D entering the CSTR 
n(D) number of droplets per unit volume of fuel per 
droplet size class D present in the CSTR 
n'(D/ X )  number of droplets per unit nozzle volume per 
droplet size class D at location x in the con­
vergent nozzle^ 
F.(D) cumulative number fraction of droplets larger 
than size D entering the CSTR 
F(D) cumulative number fraction of droplets larger 
than size D present in the CSTR 
F'(D,x) cumulative number fraction of droplets larger 
than size D at location x in the convergent 
nozzle^ 
N. total number of droplets per unit volume of fuel 
T entering the CSTR 
Nm total number of droplets per unit volume of fuel 
present in the CSTR 
total number of droplets present in the CSTR 
N (x) total number of droplets per unit volume of fuel 
at location x in the convergent nozzle^ 
N,J, (x) total number of droplets per unit nozzle volume 
at location x in the convergent nozzle^ 
N^(x) total number of droplets at location x in the con­
vergent nozzle^ 
a. Analogous_definitions may be applied when written in 
terms of x and x. 
^At x=0; n'(D,0)j= n(D)Yi F'(D,0) = F(D), N (0) = N , 
N^(0) = N^Y/ N^(0) = N^, and N'(D,0) = F(D)N^. 
Table 1 (Continued) 
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N'(D,x) total number of droplets larger than size D at 
location x in the convergent nozzle^ 
CSTR Combustion Chamber 
Droplet population balance 
The derivation of the droplet population balance is 
presented, in a manner paralleling that used by Randolph 
and Larson (99) for steady-state crystallizers, for the 
CSTR combustion chamber. 
For steady-state operation the number of droplets in 
a given size range must be conserved. Consider an arbitrary 
size range to D2 in the combustion chamber volume V, 
having population densities n^ and n^, respectively. The 
growth (negative) rate of droplets of size is and 
that of size is Q,^, where G = dD/dt, In the increment, 
of time At, the number of droplets entering the size range 
because of growth (-) is given by 
VyniGiAt 
where, 
_ volume of liquid in the combustion chamber 
^ ~ volume of the combustion chamber 
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Similarly, the number of droplets leaving by growth (-) 
is 
VyngGgAt . 
If the input spray contains droplets in this range, then the 
input to the distribution in the combustion chamber volume 
V, is 
qiYiïïiADAt 
where, 
= input volumetric flow rate 
_ input volume of fuel 
i total input volume 
n. = average population density in the size range D, to 
Dg of the input spray 
AD = Dg-D^ 
Similarly, the number removal under well-stirred conditions 
by bulk flow of droplets in this range is given by 
qnyADAt 
Combining the above equations in a numbers balance gives: 
Input to size range AD = output from size range AD 
q^^Yj^n^ADAt + Vyn^G^At = qynADAt + VyngGgAt (54) 
Rearranging and dividing by At gives 
VyCGjnj-Gjnj^) = (q^Yj^n j^-qyn) AD (55) 
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Clearly, in the limit as AD approaches zero, the average 
values of n^ and n become point values and the equation 
takes the form 
This equation which neglects droplet agglomeration and 
breakage is the macro-distributed population balance ap­
propriate for the CSTR combustion chamber. 
Similarly, the equivalent cumulative over-sized numbers 
balance can be performed for the same CSTR combustion 
chamber shown in Figure 2. The steady-state balance becomes, 
rate at which the cumulative number of over^sized droplets 
enter by bulk flow = rate at which the cumulative number 
of over-sized droplets exit by bulk flow + rate of growth 
(-) of the cumulative number of droplets out of the over­
sized range. 
That is. 
"y = q^Yini-gyn 
1 '1 1 
(56) 
n^F^ = nF + 
Gd(N^) 
(57) 
dD 
where 
"i = ^ i^i^i 1 ' 1 1, T 
n = qyNrp 
Nt = VyN^ 
dF _ n 
aoD - -
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N_ = f n(D)dD . 
T Jo 
Substitution of terms into Equation 57 gives 
GVyn = qyN^F -
Differentiating with respect to D and using Equations 53 
and 57 gives the droplet population balance. Equation 56. 
Determination of growth (negative) term for droplet combustion 
In order to proceed further with the droplet population 
balance it is necessary to determine the growth (-) rate 
function, G. It has been shown by Godsave (37), Spalding 
and Jain (122), and Jain and Ramani (52) that under certain 
2 
conditions the D law relates the size change of a combusting 
monopropellant droplet with time. The model, assuming the 
activation energy of the decomposition reaction is large 
(thin-flame approximation) is represented by Figure 4. The 
resulting equations have been rederived and compared under 
various conditions by Kearns (55), For this study, since 
high temperature combustion of monopropellant droplets is 
considered, the following value of A will be used 
X = to(H-B) ^ 3 . (59) 
Where, 
Cp = mean heat capacity of the fuel vapor 
k = mean thermal conductivity of the fuel vapor 
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r 
s 
I 
Figure 4. Monopropellant combustion model 
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= density of liquid droplet 
L = heat of vaporization of liquid 
Tf = T = temperature of flame and/or adiabatic com­
bustion temperature 
T = T. = droplet surface temperature boiling point 
® ® of liquid. 
The droplet combustion growth (-) rate term follows directly 
2 from the D law. That is 
s ^  H = è # = è ^ (59) 
Therefore, the size dépendent growth (-) rate is 
G (60) 
CSTR cumulative over-sized distribution 
n . 9? 
Multiplying Equation 57 by %—%— and using = 
n 
VYNt _ V _ 
"JïNn 
= — = T gives 
+ 1 (Çi, = ^ . (61) 
°1 "i 
f<o 
Let, — 
n _ Fn 
jjn(P)dD 
where. 
-i 
9Y& h 
y(0) = ^— = — ; y(") = o. 
(62) 
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then Equation 61 becomes 
F, 
âz + JU Ui 
dD GT GT (63) 
which is a linear first order ordinary differential 
dD 
IGT 
equation. 
Using the integrating factor, e'^\ the solution of 
Equation 63 can be written as 
dD 
ye-' GT = f 
=0 F. dD 
GT 
JD GT' 
dD 
where, 
G =  -A  
2D 
(64) 
Using the combustion growth rate, G, 
GT 
= e 
2_ 
AT DdD - y— 
=e , so that 
ye 
D 
AT 2 
AT 
OO 
D 
F^DdD (65) 
Substituting the impingement atomizer distribution, F^ (D), 
into Equation 65 yields 
ye 
Define, 
D 
AT 
TrT? b 
2 2 - IT - bD [(b/D^+bD)e ]d(bD). (66) 
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X = bD, dimensionless droplet size 
(j) = b/Xx, dimensionless constant 
so that. 
- 4  -2 Î - X  d> foo , .2 ^ 
2 ~ 1 (X +X)e dX' (67) 
(2/*^) Jx 2 
Multiplying Equation 67 by e gives 
-Z -
~ 4)2  ^ r» o - (^  + 4) 
^ 2 " f (X +X)e dx. (68) 
(2/r) Jx 
Substituting u = ^  ^ into the right-hand side (RHS) of 
Equation 68 gives 
2 o i. f" _„2 ^3 ^2 
RHS =<p^ [ ufe"* du+(*2-4*)f ue~* 
Ju 'u 
du+ ^ (2 
2 
I 
u 
e~" du. 
(69) 
The first integral in Equation 69 can be determined using 
the substitution v = u , which yields an incomplete gamma 
function 
f v^ e ^ dv = ^  r (Y* v) = ^  r (^ f 11^) 
J V 
which can be rewritten as 
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.3 r(%vu2) 2 ,3 /- 2 
{ 2 + ue } = ^  {-J- erfc(u) + ue }. (70) 
The solution to the second integral in Equation 69 
2 
can also be obtained using the substitution v= u , giving 
o 
9 4 fW 2 4 —n 
' e-Vdv = e-v = (*2_+4) * ' 
V  
(4) -r) 
The third integral in Equation 69 is in the form of 
the complementary error function, giving 
1^ - 1) ^  erfc(u) . (72) 
Therefore, using Equations 69, 70, 71, and 72 in Equation 
68 yields , -, 
y = [ x^l- 2"^® ^ + "4^ erfc(-| + ^)e'^ (73) 
To obtain F the definition of y indicates that 
F = y — = —^— (74) 
n y(0) 
where, 
y'°> = qVf. ° ^"2- + iF erfc(4^e ^ (75) 
Therefore, the F distribution in terms of x is 
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2  + 4 + #  
[X+1- ]e <j)^ erfc(^ + |-)e ^ 
F(x)= ^^ r (76) 
1- (j)^ erfc(|-)e ^ 
for the impingement atomizer that can be represented by 
Fi(x) = (x+l)e"% = F(x) (77) 
4»=0 
CSTR conservation equations 
The steady-state macroscopic conservation equations 
will be needed to determine the various system parameters 
which are both the output terms of the CSTR as well as 
input variables for the particular type of one-dimensional 
flow analysis which might be chosen. The reference planes 
for the CSTR are taken as the inlet and outlet which under 
the well-stirred approximation characterizes the com­
bustion chamber contents. 
Macroscopic mass balance The steady-state equation 
is 
QiPi = qp 
which can be written 
qiYiP^ = q[pj^Y+Pg(l-Y) ] (78) 
Also, since there is no accumulation of mass in the com­
bustion chamber 
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pV = p^yV + Pg(l-Y)V = constant. (79) 
where the constant is the total mass in the combustion 
chamber. 
all vapor, whether fuel vapor or combustion products, can 
be represented by a single term. It can be argued that 
the small droplets with their fuel vapor envelope contribute 
a negligible effect to the combustion chamber thermodynamic 
variables, T and P. Addition of a droplet to the combustion 
chamber would not drastically change the system. If the 
vapor surrounding the fuel droplets is considered to be 
similar to the decomposition product vapor, then the system 
consists of only two phases. Thus, component balances may 
be written for each phase. 
Macroscopic component (phase) mass balances The mass 
of fuel in a given size range is given by 
The preceding term for vapor density p^, assumes that 
dm = ^  Vyp^nD^dD (80) 
so that the mass of fuel per size range is 
(81) 
The time rate of change of mass per size range due to 
combustion is 
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il = " î Vyp^nDX (82) 
which, when integrated over all size ranges, yields the 
rate of change of the total mass of fuel due to combustion 
TT fOO 
- J nDdD . (83) 
Since 
rate of mass in - rate of mass out + rate of mass 
production =0, 
The liquid fuel phase mass balance becomes 
n f" 
9iYiP&-qYP% = + j ^  n(D)DdD. (84) 
Similarly, for the vapor phase 
f oo 
qp (1-y) = + f Vyp^X n(D)DdD. (85) 
0 g 
Addition of Equations 84 and 85 gives the expected overall 
mass balance. Equation 78. 
Macroscopic energy balance The energy balance for 
the steady-state operation of the isothermal, adiabatic 
CSTR combustion chamber under constant pressure can be ac­
counted for by an enthalpy balance. This conclusion was 
arrived at by using the macroscopic mechanical energy balance 
in conjunction with the macroscopic energy balance. Repre­
senting the energy required for droplet vaporization as 
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negative energy production gives 
rate of energy input - rate of energy output 
+ net rate of energy production = 0. 
Therefore, 
SiYi^A^P i"^r) 0~^r ^ 
-gPg(l-Y)C ) =-(AH - VyAp^ I nDdD. (86) 
Jo 
where 
C = mean specific heats 
P 
Tj. = reference temperature 
= heat of reaction 
and subscripts i and 0 indicate input and output, respective­
ly. 
Using Equation 86 and selecting the reference tempera­
ture as that of the incoming fuel yields (if it is also 
assumed that the liquid temperatures are approximately 
equal) 
where the subcripts have been dropped. 
Equation of state 
The total mass in the combustion chamber is the sum of 
the total mass of fuel and vapor 
(87) 
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"c " (88) 
Similarly, the total volume of the combustion chamber is 
comprised of fuel and vapor 
V = V^+ Vg (89) 
Defining the CSTR density as the total mass per combustion 
chamber volume gives 
Using Equation 89 in Equation 90 yields 
P = P&Y + Pg(l-Y) • (91) 
Combustion intensity 
The term combustion intensity which has been used by 
Courtney (26) as a measure of combustion efficiency is de­
fined as 
E = mass of monopropellant burned per unit of com­
bustion chamber volume per unit time. 
qiYiP, qYPo ^ f" 
= V • -  = J Ylp* J n(D)DdD. (92) 
Equation 84 can be rearranged to give 
Normalizing Equation 92 by dividing by 100% combustion 
intensity results in the normalized combustion intensity 
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Similarly, Equation 85 gives 
E_ = 
qPg(l-Y) 
n q-Y^P^ 
Combining Equations 93 and 94 gives 
(94) 
1-e 
Y 
n 
[l+£ (_^ -1)] 
^ Pg 
(95) 
q = -1)]' 
V = 
iryA n(D}DdD 
(96) 
(97) 
which indicates that 
<p = b/xT = bi 'XV 
2b^ 
/ir (1-e ^/l n(D)DdD 
(98) 
In terms of the F distribution. Equation 62 indicates 
dy _ n dF _ n n(D) _ nn(D)D 
n. «X - " bfi. % ' • xn. 
Therefore, 
n(D)D = - 11= -
xq^YiNi 
n 
dx 
T ^  
gY dx 
which for the impingement atomizer can be used with Equation 
S3 to give 
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• 4 - f  |^n(D)DdD= ^x^erfc + |-)e^ }dx 
(99) 
Defining 
+2f + 4L. 
n(x) = X^e~X- ~ *x^erfc(% + * 
=n = r %(X)*X, (101) 
2 " 2' 
and substituting into Equations 98 and 99 yields 
,  2  f»  
0 
from which the entire CSTR system parameters can be 
determined. 
One-Dimensional Flow Analysis 
Cumulative over-sized distribution 
The population density in a system comprised of one-
dimensional or duct-type flow which provides for the possi­
bility of a variable cross-sectional area is a function of 
distance along the duct, x, as well as droplet size, D. 
Since the output of the CSTR represents the input for such 
a system, the cumulative over-sized distribution function 
becomes 
n'(D,x)dD J n'(D,x)dD 
F'(D, X )  = JSÔ = — = I f'(D,x)dD 
n'(D,x)dD N^(x) Jd 
(100) 
(102) 
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where, 
n'(D,x) = the number of droplets per unit reactor volume 
per size class D at location x, 
n' (D, 0) = n (D) Y/ 
f (D,x) = number fraction of droplets in size class dD 
at location x, 
00 
N^(x) = j n'(D,x)dD; N^(0) = N^y 
and 
F'(D,x) = cumulative number fraction of droplets larger 
than size D at location x, 
with, 
?(0,x) = 1; F'(«,x) = Of 
P' (D,0) = F(D), 
'(D,x) _ -n'(D,x) 
3D N^(x) 
Cumulative over-sized numbers balance 
Methods of deriving the micro-distributed population 
balance for the one-dimensional flow analyses have been 
presented by Shapiro and Erickson (114) and Williams (139). 
Assuming no droplet velocity lag which is considered to be 
approximately true for small droplets, the steady-state 
population balance is given by 
^ -^(uAn*) + (Gn*) = 0 (103) 
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where, 
A(x) = cross-sectional area 
u(x) = dx/dt, velocity. 
Similarly, the cumulative over-sized numbers balance 
is 
+ G ||:= 0 (104) 
where 
N'(D,x) = F' (D,x)N^(x) = F' (D,x)N^(x)A(x) Ax, 
the cumulative number of droplets larger than D at location 
X .  
Quasi-linear solution By expanding Equation 104 
and dividing by N,J, the cumulative over-sized numbers balance 
can be rearranged to yield 
" + G ip. -p- ^ (105) 
T 
which is a special linear case of a quasi-linear partial 
differential equation of the first order. In general, the 
term "quasi-linear" refers to the fact that the equation 
has linear partial derivatives but is not necessarily 
linear in the dependent variable. The most general quasi-
linear PD equation of the first order can be written as 
indicated by Hildebrand (42) as 
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P(x,y,z) + Q(x,y,z) = R(x,y,z) (106) 
where z is the dependent variable and x and y are the 
independent variables. 
Equation 105 can be represented by Equation 106 when 
P and Q are independent of z and R is a linear function of 
z, so that the form becomes, 
P(x,y) H + 0(x,y) 1^ = R^(x,y)z (107) 
which yields upon separation, provided the Jacobian is 
nonzero, the following set of ordinary differential 
equations 
f = f = ^  . (108, 
Therefore, Equation 105 can be separated to give 
¥ • ? — : 
"t 
where, the Jacobian has been shown to be nonzero in Ap­
pendix A and the type of solution is described in Appendix 
B. 
Integration of the first two terms of Equation 109 
where the definition of G, Equation 59, has been applied, 
yields 
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+ ^ dx. (110) 
0 * 
Similarly, using the first and third terms of Equation 109 
gives 
Cg = uN^F' (111) 
The general solution is of the form Cg = gfC^), where 
g is an arbitrary function, or more specifically 
uN^F' = g(D^ + 
X .  
^ dx). (112) 
0 
The functional relationship between and can be obtained 
by satisfying the condition that at x=0, 
2 
Cg = u(0)N^(0)F' (D,0) = u(0)N^(0)F(D) 
Therefore, the functional relationship is 
Cg = U(0)N^(0)F(/C[) 
and the particular solution is given by 
u(0)N'(0) _ / 2 
F'(D, X )  = [ ]F(/D + 
u(x)N^(x) 
X  X(x) 
0>i(x) dx) (113) 
Furthermore, since F' (0,x) = 1, Equation 113 can be simpli­
fied to give 
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F' (D,x) = (114) 
/Î5i^' 
When Equation 114 is written in terms of x and Equation 76 
is used then Equation 115 is obtained, 
2 + Ep + 4% 
[B+1- %]e"®+ ~ (j>^erfc.{| + |)e (j)^ 
F'(x,x) 2 f 
2  + 4  +  4  
[A+1- e •—<l)^erfc{j + ^ )e ^ 
(115) 
where. 
• #  
A = A{x) = b/1 dx 
qU(X) -
B = B(XfX) = /x^+b^ = v/x^+A^. 
One-dimensional section conservation equations 
The steady-state microscopic conservation equations will 
be needed to determine the various system parameters of the 
one-dimensional system. 
Overall mass balance The steady-state, one-dimensional 
result is 
p{x)u(x)A(x) = constant = m^QT (116) 
Component (phase) mass balances Defining the ratio 
of the mass of fuel to total mass at location x as 
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Mp (x) M. (x) 
indicates that 
m^(x) = z{x)m^Q^ . (118) 
Similarly, the ratio of the mass of gas to total mass at 
location x is 
M (x) 
y(x) = 1-2 (X) = ^  . (119) 
"tot 
Energy balance The one-dimensional, steady-state 
energy balance assuming frictionless flow and adiabatic 
conditions indicates that at any location x 
2 .  .  
6(x) + 2g J = constant. , (120) 
c 
This can be written in the form used by Williams et al. 
(140) as 
(l-Z)fi + zR. + u^/2gcJ = constant (121) 
9 * 
where, 
hg = hg  ^ + g(Tg-Tp), s^thalpy of vapor 
hjj = h jg-r + Cp ^/Ta-Tp), enthalpy of fuel 
and and is the standard energy of formation at the 
reference temperature T^, for the fuel and vapor, respective­
ly. Rearranging gives 
81 
(l-Z)+(l-Z)Cp^g(Tg-T^) + ZCp^,(T^-T^) 
j^j= constant -+ u^/2g J  (122) 
But 
GGR-Gaf = -AHRXN + 9I?I"9 
(1-Z)(L-âH^^^)+(l-Z) Cp g(Tg-Tr)+ZCp_*(%rTr) 
2 
+ u /2g^J= constant + L. (123) 
Selecting the reference temperature to be that of the liquid, 
Tr=T^/ yields 
-d-z) (AH ^ „-L) + (1-z)6„ -T.)+u2/2g J = constant + L 
rxn P/9. 9 ^ ^ 
(124) 
By assuming C = C and using Equation 87 while 
P/g p,g 
evaluating Equation 124 at x=0 determines the value of the 
constant and gives 
-(l-z(x))(AHrxn-L) + (l-z(x))C^ g(Tg(x)-T^) 
+ u^(x)/2g^J = u^C0)/2gj,J . (125) 
Momentum balance The steady-state momentum balance 
for the frictionless one-dimensional flow is (neglecting 
gravitational forces) 
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Equation of state 
At location x 
Mtot Mo(x) 
V^(x) = V^(x) + Vg(x) = ^ . (127) 
Rearranging Equation 127 gives 
P_(x) 
p(x' '128' 
l+z(x) (-3 1) 
which can be approximated by 
P„(x) 
P(x) = i-z(x) ' (129) 
since 
"l Pg(%'-
Furthermore, using the ideal gas law to represent the 
vapor yields 
P(x) = p(x)R'Tg(x) (l-z(x) ) (130) 
where, 
R' = gas constant, 
Frictionless adiabatic flow equation 
An approximation for the flow equation can be obtained 
using the results of Tangren et (128) that includes the 
compressibility effects in two-phase flow. The equation is 
given by 
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P(x)p{x)~^ = constant (131) 
where, 
r E Ï ; y = â /e„ . (132) 
z(Y-l)+l ^ 
Combustion intensity 
For the normalized combustion intensity at location 
X resulting from the atomization of fuel 
a ."tot""! , 
at'—75 ' 
V+ A(x)dx 
fX 
V+ A(x)dx 
io 
Therefore, 
£'(x) = l-z(x) . (133) 
n 
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RESULTS AND DISCUSSION 
An Illustrative Example for Hydrazine Used 
as a Gas Générant 
In order to use the equations which have been presented 
it is necessary to specify the fuel being used and designate 
the geometry of the one-dimensional section to completely 
describe the physical parameters of a particular system. In 
the following example the ffionopropellant hydrazine has been 
selected as the fuel for use in a gas generator system com­
prised of a CSTR section followed by a convergent nozzle. 
Furthermore, because of tlie iterations required to obtain 
the solution of some of the equations involved the calculations 
were performed numerically on an IBM 360-65 digital computer. 
The flow diagram and FORTRAN IV computer program used to ob­
tain the results are given in Appendix C. 
CSTR general results 
Initially a value for the constant <{) was selected which 
was used in Equation 75 to determine y(0). Then F^(x)» Fix), 
and n(x) were calculated for various x values from Equations 
77, 76, and 100. An approximation was applied at large 
values of x since 
-w2 , , 
erfc(w) = [— ? -...] 
/¥ 2w 
or. 
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w2 1 
erfc(w)e = (134) 
/TTW 
giving 
F(x) = (x+l)e Vy(0), X large 
n(x) = X^eTX, X large 
y(0) = 1, (p large. 
Next/ the function n(x) was integrated over x by using Simp­
son's rule to integrate from x = 0 to Xf large (x «) and then 
an approximation was included for x - X o to <». For example 
r«> 
I n(x)dx - 1 n(x)dx + I -x. 
Jo Jo 'x X 
or. 
n(x)dx = 
'X O "X 
n(x)dx + (x 0 +2x n+2)e (135) 
Q  9 ^ 9 ^  
0 \ / V V f 
Simpson's rule approximation 
numerical 
integration 
The result from the integration was then substituted into 
Equation 101 to give the combustion intensity for that 
particular cp value. By selecting different values of (j) 
initially. F(x) versus x at those 4 values was determined 
and is represented by Figures 5 and 6, while the combustion 
intensity, versus <j) curve of Figure 7 was similarly 
generated. 
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Figure 5. CSTR cumulative over-sized distribution (#) versus 
dimensionless droplet size (%)» for various values 
of (j> 
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Figure 7. Normalized CSTR combustion intensity (e ) versus 
dimensionless combustion index (ji) ^ 
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A numerical differentiation of f(x) with respect to x 
was utilized to obtain n(x)/ the population density, since 
djlli = . gm . (136) 
dx bNg, 
Incorporating Equations 75, 93/ and 50 into a first finite 
backward divided difference approximation for Equation 
136 gave 
When the values of b = 0.0295 y q^ = 71.8 cm^/sec, and 
= 1, reported in the studies of Tanasawa and Tesima (125) 
for their impingement atomizer were used the curves of 
n(x) versus x at various <j) values shown in Figure 8 resulted. 
Hydrazine example 
CSTR section In an evaluation of hydrazine as a 
monopropellant and gas générant Altman and Thomas (7) deter­
mined the following reaction; 
3N2H4(Jt) = 4(l-x)NH3(g) + (l+2x)N2(g) + GxHgfg) 
+ (138) 
where, 
^®rx~ ~ ^  ~ (80.15-44.00x) kcal/mole, 
X = fraction of NH^ decomposed. 
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Figure 8. Change in CSTR droplet population density (n) 
versus dimensionless droplet size (x) with 
respect to dimensionless combustion index ((j>) 
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Furthermore, their study indicated that at P(0) = 20 atm 
(zero specifies the CSTR section), 
X = 0.25 
T = T (0) = 1461°K 
c g 
M = 32.04 g/mole, mol. wt. of hydrazine 
M = 16.0 g/mole, mol. wt. of decomposition products 
y = 1.224, Cp/Cy. 
and 
NgH^fA) = NH^(g) + y Ngfg) + Y Hgtg) + 23.05 kcal/mole. 
(139) 
By fitting an equation to data presented by Spalding and 
Jain (122) that related transfer number to pressure it was 
possible to determine 
B(0) = 2.63 - 0.1483 In P(0). (140) 
Also, equations given by Audrieth and Ogg (11) for the physical 
properties of hydrazine were used to obtain 
T£ = 45.42 + 11.34270206*! in P(Ô)' ' 
L = 15879 - 28.296 + 5.4525xl0"^ 
- 6.8528x10*5 ^ 3.125x10"® 
- 8.333x10"^^ (142) 
= 1.0253(1.232186-0.00085 T%), (143) 
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where, 
P(0) = atm 
= «K 
L = cal/mole 
= g/CTi^ . 
Cp could then be determined from Equation 58 as 
C = B(0)L _ ^ £al (144) 
P (Tg(0)-Tj^)M K 
while the ideal gas law implied 
Pg"" = 'î^> <"5) 
The equations used for the thermal conductivity of 
hydrazine were given by Priem and Heidmann (96) as 
k(Tg(0)) = 2.21134xl0~® + 7.174041x10"® Tg(O) (146) 
kfT*) = 2.21143x10"^ + 7.174041x10"® Tj, (147) 
where, 
k = cal/cm.-sec.-®K. 
The evaporation constant cam then be calculated from 
the above equations by incorporating a technique used by 
Jain and Ramani (52). From single droplet combustion 
theory 
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Tg{0) kdT 
k(0) = 
C (T-T„)+L 
P ^ 
ln{l+B(0) } 
(148) 
so that Equation 58 can be written 
X ( 0 )  =  % —  
T„(0) 
kdT 
Cp(T-Tj)+L 
(149) 
The approximation for variable thermal conductivity used 
by Jain and Ramini (52) was 
k(0) 
k(Ta) 
T-T, 
= 1 + 3(0)( 
Tg(0)-T^ ) (150) 
where, 
3(0) = 
Therefore, 
k(Tg(0))-k{T^) 
k(Ti) 
(151) 
T-T, 
X(0) =1-
Tg(0) k(Tj^)-Kk(Tg(0))-k(T^)) (g)_T 3 
Cp(T-T^)+L 
which can be integrated to yield 
X ( 0 )  =  
where/ 
8k(T^)ln{l+B(0) } 
-}dT 
(152) 
(153) 
(154) 
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In addition to the above equations for determining the 
physical properties of hydrazine the macroscopic CSTR con­
servation equations were used to indicate that; 
1) Equations 95 and 145 could be combined to give 
^ = k 
2) Equation 93 gives 
q = q\(l-G^)/Y, (156) 
3) Equation 91 gives. 
p(0) = p^Y + Pg(0)(l-Y), (157) 
4) Equation 98 gives 
2 ' 
V = -6__ , (158) 
X(0)b 
and 
5) Equation 118 gives 
qpoY ppY 
(159) 
Table 2 lists the various CSTR outlet properties calculated 
for the hydrazine example at a representative (j) value of 10. 
Table 2. Sample CSTR output for ^ = 10 
Hydrazine physical 
properties 
CSTR state properties Distribution properties 
8.378 koal.mole -1 
-1 
= 31.428 kcal'znole 
rxn 
C = 0.6004 cal.gram~^.®K~^ 
P 
k(T^) = 3.873xl0~^ cal.can"^'sec"^-°K~^ 
k(Tg(0)) = 1.070x10"* cal-cm"^'sec"'^'»K~^ 
-3 
g = 1.763 
= 0.8197 gram*cm 
Pg(0) = 2.670x10"^ gram-cm"^ 
"3 ~3 p(0) = 2.978x10 gram»cm 
X(0) = 1.251xl0"^ cm^'sec"^ 
P(0) = 20.0 atm 
V = 18,151 cm^ 
T^ = 509.1 °K 
T (0) = 1461.0 ®K g 
= 71.8 cm^'sec ^ 
Yi = 1-0 
3 -1 q = 19,764 cm «sec 
Y = 3.766x10 
B(0) = 2.186 
-4 
e = 0.8963 
n 
-1 b = 0.0295 y 
-3 N. = 2043 mm 
T _ 
= 1078 mm 
z(0) » 0.1037 
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One-dimensional flow section-convergent nozzle A 
simple convergent nozzle with a contraction r&tio (area of 
inlet/area of throat) of 4 shown in Figure 9 and discussed 
by Priem and Heidmann (96) was selected for the one-dimension­
al flow analysis. The area of such a nozzle at any location 
can be represented by 
A(x) = (1- (160) 
where, 
X = x/&, I = total length of nozzle, 
Â(x) = A(x)/A(0), 
c = al?! = = 4, contraction ratio 
5(1) 
so that the nozzle size is completely established by the 
value of the throat area and total nozzle length. For a 
given throat area, 
A(0) = 4A(1), , (161) 
u(0) = q/A(0) , (162) 
and the shape of the CSTR can be determined by incorporating 
a design equation of the form 
Lg = f(A(0),V) (163) 
where, = combustion chamber length. 
The original one-dimensional section conservation 
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A { x )  
Figure 9. Convergent nozzle with contraction ratio of four 
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equations were written in terms of dimensionless variables. 
Equation 116 became 
p(x)u(x)A(x) = 1 (164) 
where, 
p® ^  ^ Wr • 
When Equations 58 and 130 were combined to eliminate Tg 
the result was written 
P(x) = p (x) {B(x)+Cj^ (1-B (x) ) }z (x) (165) 
where, 
=1 = V^g""' 
P® E I®, IÛ, E |<|f = î(5, E 
Combining Equations 58, 87, and 125 gave 
û(x) = {C2Z(x)(1-B(x))+1}^/^ (166) 
where, 
2g^JlB (0) (l-z(O)) 
Cg 2 
u2(0) 
g^ = 32.174 ft-lbm/lbf-sec^ 
J = 778.16 ft-lb^/Btu 
Equation 126 became 
^ = 0 (167) 
dx p(x) dx 
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where, 
g P(0) 
C» = G 
^ p(0)u^(0) 
And finally. Equation 131 was written 
P(x)p^(x) 1. (168) 
If r is initially treated as a constant then p(x) can be 
eliminated from the preceding equations and Equation 167 can 
be integrated since Equation 168, the thermal equation of 
state, describes the thermodynamic path of the process. 
Subsequent elimination of û(x), P(x), and A(x) yielded 
r = % = ^ , (169) 
Z(X)(Y-1)+1 Y+(1-Z (0) ) (1-Y) Z (X) 
=1 - q'#' 
B(x) = : , (170) 
1 
2=57 
2l{B(x)+C, (1-B(x))}2(x)3 
X = 2 i : . (171) 
[l+CgZ(x)(1-B(x))] 
The equations presented for the one-dimensional flow 
section describe the system in terms of ¥(x). However, it 
was considered advantageous to represent the system by 
equations dependent upon x. This was accomplished from the 
above equations by generating u(x) and x data which were 
100 
used to determine the constants of the velocity equation 
u(x) = (172) 
1-A^x+B^ X 
where, and are constants. 
The form of Equation 172 was used in the study of 
Priem and Heidmann (96) and evolved from experimental re­
sults on compressible flow compiled by the Ames Research 
Staff (9). The resulting z^(x) equation was written 
(1-C,)(u^(x)-l) 
[1+ ^ ] 
z(x) = 5 . (173) 
[1+ (Û (x)-l)(1-2(0))(Y-1) j 
2C3Y 
Equation 58 was then used to obtain the dimensionless 
evaporation constant 
The calculated values for T(x) were all very nearly 
equal to 1 (within 1%) which lead to the following ap­
proximation, 
= l-A,x+B,x^ (175) 
Z(x) 
where, Ag and B^ are constants. 
Once Ag and B2 had been determined. Equation 175 was used 
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to obtain 
b2 
' ® i: It » 
Equation 176 was then substituted into Equation 115 to 
generate F'(x/X) versus % for the particular $ selected and 
all X (0<x_<l) as shown in Figures 10 and 11. Equations 113 
and 114 were combined to yield 
73^ 
N (x) = (177) 
^ ïï{x)Â{x) 
where, N^(x), the total number of droplet per volume of 
fuel at location x, versus 5c is shown in Figure 12. 
In addition to the above results, applying a first 
finite backward divided difference approximation to the 
one-dimensional section gives 
n(X/X) = bN^(x) [^' (X-^X/x)-F' (X,x) | (178) 
which yielded the solution surface shown in Figure 13-
Discussion 
The preceding results depend upon the value of (p. 
The physical significance of the dimensionless constant <j) .  
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Figure 10. Cumulative over-sized distribution (F') in 
convergent nozzle versus dimensionless droplet 
size (x), for $=10 and various values of x 
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+, A(l) = 19.635 cm^ 
X, A(l) = 28.274 cm^ 
Z= 10 
2= 10 
Z= 20 
i= 20 
Z= 40 
Z= 40 
Q.6Q 0.80 1.00 
Figure 12. Effect of nozzle throat area (A(l)) and nozzle 
length (Z) on the total number of droplets per 
unit volume of fuel (N?) versus_dimensionless 
location in convergent nozzle (x), for (j)=10 
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n(x,;) 
9.0'-
Figure 13. Solution surface indicating changes in droplet 
population density (n) versus dimensionless 
droplet size (%) with respect to dimensionless 
location in convergent nozzle (x), for 4=10 
106 
which will be called the combustion index, was first dis­
cussed by Probert (97). In terms of the well-stirred model, 
if the mean residence time in the CSTR is T, droplets initial­
ly of size /XT disappear and only droplets initially larger 
than /XT remain. Thus, (})=1 indicates that /Xr" = b~^ the 
size at the mode, and that only droplets initially larger 
than b~^ remain. Therefore, in general, $ indicates that 
droplets initially smaller than (j)b ^ disappear while those 
larger remain. 
Naturally, the remaining droplets decrease in size 
but due to the dependence of growth (-) rate on the recip­
rocal droplet diameter the smaller droplets combust more 
rapidly than the larger ones. This relationship explains 
the shape of Figure 7 because it requires much longer resi­
dence times (larger ((>) to burn a few remaining droplets 
that were initially very large and thereby obtain high 
combustion intensities (e^>80%). 
This effect is also apparent in Figures 5, 6, and 8 
since changes in the curves take place more rapidly for 
smaller values of the combustion index than for larger 
values. Figure 8 visually indicates the change in the 
mode of the droplet population density distribution which is 
also the inflection point in Figures 5 and 6. The value of 
the mode increases slightly (~6%) while the frequency at the 
mode value decreases more significantly (^69%) as (j) increases 
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from 0 to 10. The median value of the distribution can be 
obtained from Figures 5 and 6 by determining % at F(x) = 0.5. 
Furthermore, Equations 99, 100, and 101 indicate that the 
average droplet size averaged on a droplet population 
basis is ^ 
|Dn(D)aD 
D 5 -2— = —= , (179) 
Calculated values for the mean and median of the CSTR droplet 
population distribution are given in Table 3. In addition 
to the distribution parameters some of the physical 
parameters describing the CSTR section also change as the 
combustion index varies. As (j> increases, y, p^(0), p{0), 
and z(0) decrease while g and V increase. 
It is difficult to compare the CSTR results with the 
well-stirred model of Courtney (26) because of the assump­
tions involved in the development of Equation 43. However, 
if the atomizer distribution is considered to be that of a 
mono-sized spray of droplets with diameter D, then the 
appropriateness of both models can be examined. 
Rearranging Equation 43 into the normalized combustion 
intensity gives 
e 'b (180) 
^ lOAPgV 
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Table 3. CSTR droplet population distribution parameters 
4) :**(%) N^(#-mm Mean, D(p) Median (y) 
0 0.00 0.00 2043 67.80 57.30 
1 10.42 61.12 1763 73.13 62.81 
2 29.82 90.08 1501 78.42 67.79 
3 47.22 95.57 1345 81.90 71.41 
4 60.32 97.51 1250 84.21 73.65 
5 69.72 98.40 1190 85.74 75.09 
6 76.44 98.89 1150 86.82 76.07 
7 81.30 99.18 1123 87.54 76.75 
8 84.88 99.38 1103 88.13 77.24 
9 87.57 99.51 1089 88.52 77.60 
10 89.63 99.60 1078 88.87 77.89 
20 97.15 99.90 1047 90.03 78.86 
Equation 101. 
^Equation 181. 
where, 
Equation 180 can be further simplified by utilizing Equa­
tions 93, 155, and 145 and obtaining 
En ~ 1 -
Xo^(1-Y) 
T~ 
10*^ 
(181) 
where. 
Dq — 67.80 y» 
A comparison of combustion intensities resulting from 
Equations 101 and 181 in Table 3 indicates that as the 
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CSTR population density distribution narrows at large (p 
values and provides a more uniform distribution the agree­
ment between combustion intensities increases (within 2.8% 
at ()> = 20). However, at lower values of the combustion 
index where Equation 181 neglects the possibility of com­
pletely burnt droplets and a distribution of sizes the 
contribution of droplets which probably have disappeared 
tend to greatly increase the combustion intensity while the 
effect of size dependent growth (-) on the combustion of 
different sized droplets is completely disregarded. There­
fore, based on the development of the model. Equation 43 
is probably unrealistic for use with systems employing an 
impingement atomizer. 
The computational scheme for the one-dimensional flow 
section summarized in Appendix C provides results dependent 
upon <|>, A(l), and £ which coincide with that expected for a 
gas generator system. The purpose of a gas generator is to 
provide a simple means of obtaining pressure for liquid propel 
lant rocket feed systems. In particular, hydrazine decomposi­
tion products have been successfully applied as the pressurant 
for storable oxidizers. Another interesting use, described by 
Huzel and Huang (48), is the single gas generator - helium 
system. The hot monopropellant decomposition gases are 
ducted through a heat exchanger where heat is transferred 
to cold helium. The gases from the generator and the heated 
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and expanded helium gases are then used to pressurize both the 
main oxidizer and fuel tanks of larger bipropellant rockets. 
The results indicate that for the gas generator com­
prised of a convergent nozzle a relatively high pressure is 
maintained at the nozzle throat because the system cannot be­
come supersonic (velocity > speed of sound). However, at 
extremely large values of cj) the value of z (x) goes to zero 
so that r approaches y and the system consists entirely of 
decomposition gases. This limiting sonic condition yields 
the largest pressure drop given by 
. (182) 
At lower values of <p the pressure at the throat increases 
and the velocity becomes subsonic (velocity < speed of 
sound) and thereby assuresthe type of operation desired 
for the one-dimensional flow section at all <J). As shown in 
Figure 14 the pressure is approximately maintained at the 
relatively high combustion chamber pressure while the fluid 
accelerates through the nozzle. 
Figures 10, 11, and 13 demonstrate that the changes in 
cumulative over-sized distribution and population density 
distribution that take place at a representative ij> value 
as the fluid passes through the one-dimensional flow section 
are similar to those found for the CSTR section. The 
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Figure 14. Dimensionless_velocity (u), pressure (P), and 
nozzle area (A) versus dimensionless location in 
convergent nozzle (x), for *=10 
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magnitude of the changes, however, is less pronounced because 
of the high velocity obtained in the one-dimensional flow 
section or nozzle which limits the time available for com­
bustion when compared to the CSTR section. For this 
reason changes in the combustion intensity are almost 
negligible while the effect of distributional changes can 
be more easily observed by determining the total number of 
uncombusted droplets at different locations in the nozzle. 
This is because the total mass of droplets is dominated by 
a small number of large droplets which implies that com­
bustion intensity in the one-dimensional flow section re­
flects the small changes of the larger droplets while 
accounting for the total number of droplets reflects the 
disappearance of the smaller droplets. Again, both of these 
situations emphasize the importance of growth (-) rate in 
spray combustion. 
Figure 12 illustrates the effect of throat area and 
nozzle length on the total number of droplets in the 
convergent nozzle for a representative (j) value. As throat 
area or nozzle length increases the total number of drop­
lets decreases. 
Finally, in either section, the effect of large drop­
lets which becomes amplified during combustion due to the 
growth {-) rate mechanism limits spray combustion 
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capabilities especially combustion intensity or efficiency. 
The results obtained for both sections indicate that for a 
nonuniform inlet distribution the combustion intensity may 
be increased by providing a larger combustion index, <|> = 
h/\x, or increasing the volume of the one-dimensional 
flow section or exit nozzle. 
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SUMMARY AND CONCLUSIONS 
A method of modeling the well-stirred portion of a 
combustion chamber during steady-rstate operation has been 
presented. The method is based on the application of a 
numbers balance to a continuous stirred-tank reactor (CSTR). 
This well-known technique has previously been successfully 
applied to other particulate processes such as crystallization, 
communition, and polymerization. Solution of the macro-
distributed numbers balance for the CSTR combustion chamber 
depends upon knowledge of the injected droplet size distribu­
tion, the fuel, cuid growth (-) rate mechanism. The technique 
was demonstrated for a system employing the frequently used 
Nukiyama-Tanasawa distribution, a monopropellant fuel, and 
2 the accepted D (D-squared) combustion law. 
Incorporating the cumulative over-sized droplet distribu­
tion into the numbers balance technique provides a first 
order ordinary differential equation which was solved using 
an integrating factor yielding the output droplet size 
distribution of the CSTR combustion chamber. Furthermore, 
including the conservation equations for mass and energy, 
the equation of state, and the definition of combustion 
intensity completely describes the CSTR combustion chamber 
system in terms of the combustion index, 
The output resulting from the CSTR combustion chamber 
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portion was found to be compatible for introduction as 
initial conditions into standard one-dimensional flow 
analyses. This was illustrated with a gas generator example 
which was comprised of a convergent nozzle with a contrac­
tion ratio of four. In addition to the usual conservation 
equations for mass, energy, and momentum, the equations of 
state and combustion intensity, and thermal equation of 
state; the unconventional cumulative over-sized droplet 
distribution was utilized in the numbers balance to describe 
the one-dimensional flow section. The resulting micro-
distributed numbers balance was in the form of a first order 
linear partial differential equation which was solved by the 
method of characteristics and is represented by a three-
dimensional surface. The change in system parameters ob­
tained for the one-dimensional flow section coincided with 
that expected for gas generator applications. 
The combustion chamber model demonstrated that the 
combustion index indicates that droplets initially smaller 
in size than 4b ^  (b = size constant of the Nukiyama-
Tanasawa distribution) disappear while those larger remain. 
Nevertheless, the remaining droplets decrease in size 
during combustion but due to the inverse relationship between 
2 droplet diameter and growth (-) rate, obtained from the D 
combustion law, the smaller diameter droplets combust more 
rapidly than the larger ones. It was shown that in order to 
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combust increasingly larger droplets and thereby obtain high 
combustion intensities the combustion index for the CSTR 
must be increased. 
Results generated for the droplet population density 
distribution revealed the fact that as 4) or x increased the 
parameters measuring the central tendency (mean, median, and 
mode) of the distribution increased while the droplet frequency 
decreased except at extremely large droplet sizes. The cumu­
lative over-sized distribution, however, increased in 
frequency for all droplet sizes as $ or x increased. Also, 
comparison of changes in droplet distributions for the CSTR 
combustion chamber and the one-dimensional flow section 
indicated that the extent of distributional changes depends 
upon the time available for combustion. This suggested 
examination of changes in the total number of droplets which 
showed that as $ or x increased the total number of uncombusted 
droplets decreased. However, in the one-dimensional flow 
section the cumulative over-sized distribution only changed 
slightly which indicated that the decrease in the total 
number of droplets as x increased reflects mainly the change 
in the number of small droplets and the shorter time avail­
able for combustion in that section. It was observed that 
increasing the throat area or nozzle length further decreased 
the total number of uncombusted droplets. 
In summary, the results indicated that because of the 
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dominant role of the growth (-) rate mechanism in spray 
combustion processes, the ability to increase performance 
or decrease possible pollutants by obtaining complete combus­
tion for a nonuniform spray is controlled by a few large fuel 
droplets. The present work suggests that large droplets can 
be eliminated by increasing the combustion index and volume 
of the one-dimensional flow section which can be achieved 
by: 
1) increasing the inlet distribution size constant, b, 
which means obtaining an inlet distribution with a 
smaller mode and a smaller number of large droplets 
initially, 
2) increasing the evaporation constant, X, which 
requires higher combustion temperatures for a 
given fuel, 
3) increasing the time available for combustion through 
increased mixing which may be obtained by increasing 
the well-stirred portion (volume) of the combustion 
chamber or decreasing the spray injection flow rate, 
or increasing the volume of the one-dimensional flow 
section which for a gas generator can be accomplished 
by increasing the nozzle throat area and length. 
Finally, it is believed that the present work has presented 
a new and unified contribution for the examination of that 
portion of spray combustion processes where the flow is not 
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one-dimensional. The method is compatible with one-dimension­
al flow analyses and may be extended to consider other atom­
izer distributions, fuels, or nozzle geometry. 
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RECOMMENDATIONS 
The influence of finite reaction kinetics on 
monopropeliant droplet combustion should be deter­
mined. The theory developed by Spalding and Jain 
(122), which includes a chemical rate parameter that 
accounts for the reactivity of fuel vapor, may be 
incorporated into the model. Otherwise, a droplet 
combustion law with an exponent between 1 and 2 
might be applied. 
The tendency of atomized sprays to be limited to a 
maximum droplet size should be incorporated into the 
injector distribution. An upper-limit Nukiyama-
Tanasawa distribution similar to the upper-limit 
log-normal distribution should be developed. 
Simple functions capable of representing droplet 
breakage and agglomeration might be utilized in the 
population or numbers balance. 
The effect of different fuels on droplet size 
distribution should be investigated. The model 
may be extended to consider bipropellant fuels. 
A more realistic mixing scheme should be developed. 
Reported flow visualization studies indicate that 
a stirred tank model including a dead region and 
120 
bypass flow as well as a well-stirred section might 
more accurately represent the stirred portion of 
actual combustion chambers. 
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APPENDIX A. THE JACOBIAN OF THE QUASI-LINEAR 
PARTIAL DIFFERENTIAL EQUATION 
The quasi-linear method of solution is valid provided 
the Jacobian, J, is nonzero. When that requirement is not 
satisfied there are infinitely many solutions to the equa­
tion. The Jacobian for the solution of Equation 105 is 
given by 
J = 
9x 
SC. 
9x 
if] 
3D 
3C, 
(183) 
Since, 3C^/9F' = 0, 
J = ^ ^ ^1 ^^2 dF' 
3D 3x 3D gpi dx 
SCg 
3x 3D 
^^1 ^^2 dF' 
3x gp, dD 
(184) 
Therefore, Equations 110 and 111 indicate that 
J = 2Dfi^ + G ||1 + uSi gl+ GSifl} (185) 
Substituting Equation 104 into the above equation gives 
2DGN' (186) 
If J is assumed to be zero then a contradiction 
(-1=1) results, which implies that the Jacobian is non­
zero, J^O. 
I 
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APPENDIX B. SOLUTION SURFACE: GEOMETRICAL CONSIDERATIONS 
The solution of Equation 109 can be visualized best 
when written in terms of the population density, n', where 
dx = ^  _ <3n' /i87\ 
u G _,,du . u dA . 3G, • 
'az + Â dZ + so' 
As described by Moon and Spencer (80) there exists for each 
point in a region of the (x,D,n')-space an associated tangent 
vector whose direction is determined by u,G,-n' S ix ^  
of the partial differential equation. A solution, n'=n'(D,x), 
of the quasi-linear partial differential equation is repre­
sented by a surface such as Figure 15, 
Starting with any point P of this surface and proceeding 
in the direction of the tangent vector traces out a curve C 
on the solution surface. Through each point P, there is one 
and only one curve C. This curve which lies on the solution 
surface formed by the family of these characteristic curves 
is a solution curve for the partial differential equation. 
The quasi-linear partial differential equation itself gives 
no indication of the particular shape or surface of n'(D,x). 
However, if a specific initial point P is known, then a 
unique curve C on the unique solution surface can be deter­
mined. Therefore, the initial condition, giving all such 
138 
n' 
X 
Figure 15. Solution surface 
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initial points P, specifies all the particular solution curves 
which form the particular solution surface. 
i 
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APPENDIX C. FORTRAN IV COMPUTER PROGRAM USED IN 
HYDRAZINE GAS GENERATOR EXAMPLE 
Flow Diagram 
^^Read in ^ 
^Specify b ^ 
Equation 50 
^i 
T 
Equation 75 ->• y(0) 
Specify X X = 0.0 
\/ 
Equation 77 -*• (x) 
^ Equation 76 F (x) 
Equation 100 ->-Ti (x) 
Simpson's rule integration 
sum for Ti(x) vs. x 
X=X+AX 
7K 
141 
O—0—^ Correct n(%) integration 
M. 
Equation 101 e 
n 
Equation 137 n(x) 
Equation 75 -»• N 
r' 
Initial data for 
hydrazine exa^le 
Tg(0), M, M, Y, 
P(0), 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
Equation 
V 
140 -»-B{0) 
141 -»-T^ 
142 -»-L 
143 
144 -»• C 
P 
145 Pg(0) 
146 ^ k(T (0)) 
9 
147 k(Tj^) 
151 B 
154 (0) 
153 -»• X(0) 
155 y 
156 q 
157 p(0) 
158 ^  V 
159 z(0) 
142 
Read in A(l) 
O 
Y 
Equation 161 -»• A(0) 
Equation 162 ^  u(0) 
Read in H Calculate constants C^, C^, Cg 
TT 
^peci Spe fy Az(x)>0 
ICOUNT = 1 
z(x) = 1.0 + Az(x) 
7 
Equation 169 
Equation 170 -»-B(x) 
Equation 171 -»• x 
Equation 166 -»• u (x) 
ICOUNT = ICOUNT + 1 
z(x)=z(x)+Az{x) ICOUNT =2? 
Determine A^, in Equation 172 
143 
Specify ùx 
©• 
Equation 172 -4- U(X) 
Equation 160 ->• Â"(x) 
Equation 164 P(x) 
Equation 173 z(x) 
Equation 133 " e;(x) 
Equation 169 r(x) 
Equation 168 P(x) 
Equation 170 B (x) 
Equation 174 •* X(x) 
\ 
X = 0.1 ^ j JCODNT =1 
144 
Calculate X(x)/u(x) 
0 
Yes 
0 .0  
X = Ax 
Determine A , B_ in Equation 175 
Equation 176-»-b' 
JCOUNT = 2? 
145 
Equation 115 ->• F' (X/x) 
Equation 177 -*• N,p{x) 
Equation 178 -*• n (X/X) 
Return to III X = 1.0? 
Return to II 
Return to I Stop 
End 
INViSNOD NOIiVyOdVA3 IVIIINI - 33 3 
11 IV 3 
G31VmVA3 yOdVA 13fW dO AiIAI13naN03 IVWySHi - 131 3 
091 IV 3 
Q31VmVA3 aOdVA 13nd dO A1IAI131QN03 1VWVI3H1 - 931 3 
yOdVA 1304 dO AlI3VdV3 1V3H NV3W - 9d3 3 
13nj dO AilSNSa - lOH* 3 
NOIlVZiaOdVA dO 1V3H - AH 3 
N0I13V3y dO 1V3H - yHlSO 3 
*39wnN y3dSNvyi IVIIINI - oe 3 
319% MO Id N0I133rNI - ID 3 
SNIZVWOAH dO 1H9I3M yVin3310W - AHM 3 
si3nao%d 3 
N0IlIS0dW033Q dO 1H9I3M %Vin3310W 39V«3AV - WVaW 3 
1NV1SN03 SV9 lVSa3AINn - dH 3 
3%niV%3dW31 131dOyO - 11 3 
3yniV»3dW31 y38WVH3 NDIlSn9W03 - 091 3 
3ynSS3yd y39WVH3 N0IlSn9W03 - Od 3 
A1ISN31NI N01isngw03 ill S3 - Nd3 3 
yiS3 3Ki 9NIAV31 130=1 3 
dO awmOA UNO y3d S131d0%0 dO y39WnN IVIOI - Nil 3 
yiS3 3H1 9Niy31N3 13nd 3 
do 3wnioA liNn y3d sisidoso do y39wnN ivioi - iNi 3 
yiS3 3H1 9NIAV31 A1ISN30 NDIlVTHdOd 131dO%a - N30 3 
*153 3H1 9Niy31N3 A1ISN30 NOIlVlfldOd 13140*0 - NO 3 
yiSD 3H1 9NIAV31 3 
NOIINGIYISIQ isidoxo aszîs-yiAO 3Aiivinwn3 - dd 3 
%1S3 3H1 9NIY31N3 N0IIN9I%lSI0 3 
131dOya G37IS-y3AO 3AIlVinwn3 IVIIINI - Idd 3 
1NV1SN03 3ZIS NOIINGIYISIQ VMVSfNVl-VWvÂîSnN - 9S 3 
3ZIS 131dOya SS31N0ISN3WI0 - IH3 3 
H19N31 31ZZ0N - 01 3 
v3yv ivoyHi 31ZZON - v 3 
X30NI N0IlSn9W03 - IHd 3 
sy313wvyvd dO N0Ildiy3S3a 3 
3 
3 
Ayi3W039 31ZZ0N 11X3 CNV X30NI N0IlSn9W03 3 
3H1 N3AI9 NOIingiyiSIO isnd 03IdI33dS V yod SW313WVyVd 3 
ivNoiingiyisio 3zrs isidoya oNv 'SNOIIIONO3 ysgwvHS 3 
N0IlSn9W03 *sy313wvyvd lV3ISAHd S31Vin31V3 wvygoyd 3 
3 
3 
********************************************************** 3 
* * 3 
* N0IlSn9W03 AVydS lNV113dOydONOW 9NiynQ * 3 
* Noiingiyisio 3zis laidoyo NI 539Nvh3 dO NOIIVNIMVXS * 3 
* * 3 
********************************************************** 3 
3 
9^1 
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C V - COMBUSTION CHAMBER VOLUME 
C RHO - DENSITY OF COMBUSTION CHAMBER CONTENTS 
C ZO - FRACTION OF FUEL IN THE COMBUSTION CHAMBER 
C PV - MEAN RATIO OF SPECIFIC HEATS OF COMBUSTION 
C CHAMBER CONTENTS 
C AO - AREA OF NOZZLE INLET 
C UO - VELOCITY OF FLUID ENTERING THE NOZZLE 
C XB»XP - DIMENSIONLESS NOZZLE LOCATION 
C UB - DIMENSIONLESS VELOCITY OF FLUID IN THE NOZZLE 
C AT XB 
C AB - DIMENSIONLESS CROSS-SECTIONAL AREA OF THE 
C NOZZLE AT XB 
C RHOB - DIMENSIONLESS DENSITY OF FLUID IN THE NOZZLE 
C AT XB 
C ZB - DIMENSIONLESS FRACTION OF FUEL IN THE NOZZLE 
C AT XB 
C CG - RATIO OF SPECIFIC HEATS OF FLUID IN THE 
C NOZZLE AT XB 
C PB - DIMENSIONLESS PRESSURE IN THE NOZZLE AT XB 
C BBB - DIMENSIONLESS TRANSFER NUMBER IN THE NOZZLE 
C AT XB 
C ECS - DIMENSIONLESS EVAPORATION CONSTANT IN THE 
C NOZZLE AT XB 
C EPNX - COMBUSTION INTENSITY AT XB 
C FFP - CUMULATIVE OVER-SIZED DROPLET DISTRIBUTION AT 
C XB IN THE NOZZLE 
C DNP - DROPLET POPULATION DENSITY AT XB IN THE 
C NOZZLE 
C TTNP - TOTAL NUMBER OF DROPLETS PER UNIT VOLUME OF 
C FUEL AT XB IN THE NOZZLE 
C 
C 
C INITIALIZE PROGRAM 
C 
DOUBLE PRECISION PHI(2)tZER0G(2),CHI(151),A(2I,TD(2),AK 
DOUBLE PRECISION SUBET AX 1511 rETA( 151 > , FFI1151) ,FF(151) 
DOUBLE PRECISION CHIBt1511» OERFC,OEXP,SUM,EPN,DLOG,BB 
DOUBLE PRECISION POrTNI»EN»TGO,WBAR,QI,SB,RP,BO,TL,HV 
DOUBL E PRECISION RHOL,CPB,RHOGO,Q,GAMMA,TCG,TCL,RG,CL 
DOUBLE PRECISION BETA,ECO,EC,V,WHY,RHO,ZO,UO,AJJ,XB,CX 
DOUBLE PRECISION AO,CI,C2,C3,C8,A1,B1,DSGRT,CG,ALl,XBl 
DOUBLE PRECISIGN PV,A2,B2,AP,B?jSBB(11),AI6C11I,XP 
DOUBLE PRECI SI ON A8(11),PB(111,UBC11 » , RHOB ( 11 ) , ECB( 11 ) 
DOUBLE PRECISION ZB(lll,«DLtlll,ZXi2),KX(2),B6X(2),AL4 
DOUBL E PRECI SION ALL,UX(2),ENPX(11),EFPXI I11,TTN,TTNP 
DOUBLE PRECISION CE( 10 ],CES( 101,ZEROP{ 101 , FFP{ 1511 
DOUBLE PRECISIGN CHIS(151 »,CHIP(1511,CHIBP1151J 
DOUBLE PRECISION 0N( 151) , DCNM5ll,DNP<1511 
C 
C READ IN COMBUSTION INDEX, NOZZLE THROAT AREA, AND 
148 
C NOZZLE LENGTH. NOTE: MORE THAN TWO DATA SETS MAY BE 
C INTRODUCED. 
C 
READ (5,100) (PHI(I), I = 1,2) 
READ (5,100) (A(M), M = 1,2) 
READ (5,100) (TO(N), N = 1,2) 
100 FORMAT (1014.8) 
C 
C CSTR CALCULATIONS 
C 
DO 10 I = 1,2 
C 
C ZEROG - Y-TILDE OF CHI = 0 
C 
ZEROGCI) = 1.000 - (0.5D0*PHI(I)**2) + (0.443113462800* 
1PHI(I)**3*DERFC(0.5D0*PHI(I))*DEXP(0.25D0*PHI(I)**2)) 
WRITE (6,3) PHI(I) 
3 FORMAT (ID16.8) 
C 
C EPN, THE COMBUSTION INTENSITY, CALCULATED USING 
C SIMPSON'S RULE WITH STEP-SIZE = 0.1 CHI 
C 
C SUM - AREA UNDER THE ETA(CHI) VS. CHI CURVE 
C 
SUM - O.ODO 
BB = O.ODO 
ICCUNT = 0 
IC = 0 
DO 20 J = 1,151 
K = J ~ 1 
AK = K 
CHI*J) = 0.1D0*AK 
CHIB(J) - CHKJ)/PHI(I) + 0.5D0*PHI(I) 
IF (CHIB(J).LT. 1.30D1) GO TO 80 
IF ( IC.NE. 0) GO TO 20 
IK = AK/2.000 + 0.1 
IF ( K.NE. 2*IK) GO TO 81 
SUM = SUM - 1.0D0*ETA(K) 
GO TO 82 
81 SUM = SUM - 3.000»ETA(KI 
62 IC = IC + 1 
GO TO 41 
80 SUBETA(J) = 0EXP(-CHI(J))*(1.0D0 - (0.8862269255D0* 
1PHI(I)*DERFC(CHÎB(J))*DEXP(CHIB(J)**2))) 
ETA(J) = (CHI(J)**2)*SLBETA(J) 
FFKJ) = (CHK J) + 1.0C0)*DEXP(-CHI(J)) 
FFCJI = (FFI(J)/ZEROG(I)) - ((0.5D0*SUBETA(J)*PHI(I) 
1**2)/ZER0G(I)) 
IF(ICCUNT.NE.K) GO TO 32 
ICCUNT = I COUNT + 5 
149 
WRITE (6,2) CHKJ), SUBETA(J), ETA(J), FFI(J), FF(J) 
2 FORMAT (5D16.8) 
32 IFICHKJi - 1.495D1) 30,30,40 
40 SUM = ETAiJJ + SUM 
41 EN = (PHI(I)**2*(SUM*0.1DO/3.0DO))/(1.6D1* 
WRITE (6,6) EN 
6 FORMAT (1D16.8) 
C 
C COMBUSTION INTENSITY CORRECTION SCHEME USEFUL FOR PHI 
C BETWEEN 2.0 AND 24.0. AN ADDITIONAL ADJUSTMENT IS 
C REQUIRED FOR VALUES OUTSIDE OF THIS RANGE. 
C 
IF (PHI(I) .G£. 1.2D0I GO TO 83 
EPN = EN + (PHI(I)**2*CEXP(-CHI(K))*(CHIiK)**2 + 2.0D0* 
ICHHK) + 2.0D0M/1.601 
GO TO 84 
83 EPN = EN + 0.22758D0*ETA(J)*PHI(i;**2 
84 TNI = 2043.ODO 
ITNI = TNI 
ITN = (TNI*ZEROG(in/( l.ODO - EPN* + 0.5D0 
WRITE (6,8) ITNI, ITN, EPN 
8 FORMAT (2116,1016.8) 
GO TO 20 
30 IF( CHKJ) + O.IDO .GT. ( BB + AK)*0.2D0) GO TO 31 
BB = -(AK • BB) 
SUM = 4.0D0*ETA;j) + SUM 
GO TO 20 
31 SUM = 2.0D0*ETA(J) + SUM 
20 CONTINUE 
TTN = ITN 
SB = 2»9502 
DN(1) = O.ODO 
DCN(l) = 0.000 
WRITE{6,662) CHl(l), DN(1), DCN(l) 
662 FORMAT (3016.8) 
DO 666 IZ = 3,151,2 
JZ = IZ - 1 
C 
C CSTR POPULATION DENSITY CALCULATIONS USING FIRST FINITE 
C BACKWARD DIVIDED DIFFERENCE APPROXIMATION 
C 
DN(IZ) = (FFKJZ) - FFI(IZ))*SB*TNI*0.10-2 
CCN(IZ) = (FF(JZ) - FF(IZ))*SB*TTN*0.1D-2 
WRITE (6,663) CHI(IZ), DN(IZ), DCN(IZ) 
663 FORMAT (3D16.8) 
666 CONTINUE 
C 
C GAS GENERATOR EXAMPLE 
C 
C USING HYDRAZINE AS THE MONÛPROPELLANT IN A CHAMEER AT 
150 
C 20 ATMOSPHERES PRESSURE - THE FOLLOWING REACTION TAKES 
C PLACE: 
C 
C N H = NH + 0.5N + 0.5H + 23-05KCAL/MOLE 
C 2 4(L) 3(G) 2(G) 2(G) 
C 
C TG(C) = 1461 K 
C MBAR = 16«0 G/MOLE 
C DELHR = 23.05KCAL/M0LE + L 
C 
PO = 2.0D1 
TGO = 1.46103 
WHY = 3.20401 
WBAR = 1.601 
QI = 7.1801 
RP = 8.205701 
BO = 2.6300 - 0.1483D0*DL0G(P0* 
TL = 4.342D1 + (3.87006603/(1.13427020601 - DLOG(PO)}) 
HV = 1.587904 - 2.829601*TL + 0.545250-l*TL**2 -
10.685280-4*TL**3 + 0.3125D-7*TL**4 - 0.83330-11*TL**5 
RHOL = 1.025300*(1.23218600 - 0.85D-3*TL) 
CPB = (B0*HV)/(WHY*(TGC - TL)) 
RG - CPO*WBAR)/(RP*TGO) 
GAMMA = ((1.000 - EPN)/EPN)*RG/RHOL 
RHCGO = R6/(1.000 - GAMMA) 
Q = (QI*(1.0D0 - EPN))/GAMMA 
TCG = 2.211430-6 + 7.174041O-8*TGO 
TCL = 2.211430-6 + 7.174041D-8*TL 
BETA = (TCG - TCL)/TCL 
ECO = (8.0D0*TCL*DLOG(l.ODO • BO))/(RHOL*CPB) 
EC = ECO*(1.000 + (BETA/OLOG(1.000 + BO)) - BETA/BO) 
V = (PHI(I)**2*Q)/(EC*SB**2) 
RHO = (RHOL*GAMMA) * RH0G0*(1.0D0 - GAMMA) 
ZO = (RHOL*GAMMA)/RHO 
WRITE (6,11) BC,TL,HV,RHOL,CPB,RHOGO,Q 
11 FORMAT (7D16.8) 
WRITE (6,13) GAMMA,TCG,TCL,BETA,ECO,EC,V 
13 FORMAT (7016.8) 
WRITE (6,17) RH0,Z0 
17 FORMAT (2016.8) 
C 
C NOZZLE CALCULATIONS 
C (CCNVERGENT NOZZLE WITH CONTRACTION RATIO OF FOUR) 
C 
CO 50 M = 1,2 
AO = 4.0D0*A(M) 
UO = C/AO 
CL = V/AO 
WRITE (6,19) A(M), AO, CL, UO 
19 FORMAT (4016.8) 
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C 
C DEFINE OIMENSIONLESS CCNSTANTS 
C 
DO 60 N = 1,2 
CI = TL/TGC 
C2 = (8,368D7*IHV/WHYI»BO*(1.0DO - Z0);/U0**2 
C3 = (1.013D6*PO*/(RHO*UO**2) 
C8 = (SB»*2*T0(N)»EC)/U0 
WRITE (6.22) TO(N), CI , C2, C3, C8 
22 FORMAT (6016.8) 
C 
C NOZZLE PARAMETERS 
C 
PV = 1.224C0 
00 70 II = 1,2 
AJJ = II 
ZX(II) = 1.000 + 0.1D-5*AJJ**2 
CX = PV/<PV + (l.ODO - Z0)*(l.ODO - PV)*ZX(II)) 
BBXÎÎI) = (( 1.0D0/ZX(I I) ) - CI - C2*(CX - 1.000)/(2.0D0 
l*C3$CX))/( l.ODO - CI - C2*(CX - 1.000)/(2. 000*C3*CX) ) 
XX(II)=2.000-2.0D0*(((BBX(II) + Cl*(1.000 - BBX(II)))* 
1ZX(II))**(!.000/(2.000 - 2.0D0*CX)))/((l.ODO + (C2* 
2(1.ODO - BBX(II)))*ZX(II))**0.25D0) 
UX(II) = OSQRTd.OOO + C2*ZX(II)*(1.0D0 - BBX(II))) 
IF ( II.EQ. 1) GO TO 7C 
JJ = II - 1 
C 
C DETERMINE CONSTANTS OF VELOCITY APPROXIMATION 
C 
A1 = (((UX(JJ) - 1.0D0)*XX(II))/(UX(JJ)*XX(JJ)*(XX(II) 
1- XX(JJ)})) - (((UX(II) - 1.0D0)«XX(JJ))/(UX(II)* 
2XX(II)*(XX(II) - XX(JJ)))) 
B1 = ((UX(JJ) - l.ODO)/(UX(JJ)*XX(JJ)*(XX(II) - XX(JJ)) 
II) - ((UX(II) - 1.0D0)/(UX(II)*XX(II)*(XX(II|-XX(JJ)II) 
70 CONTINUE 
DO 90 KK = 1,11 
LL = KK - 1 
ALL = LL 
XB = 0.1D0*ALL 
UB(KK) = 1.000/(1.000 - A1*XB + B1*XB**2) 
AB(KK) = (l.ODO - 0.5DC*XB)**2 
RH0B(KKI = 1.0C0/(UB(KKI*AB(KK)) 
ZB(KK) = (l.ODO • (((1.000 - C1)*(UB(KK)**2 - 1.000)1/ 
1C2)I/(1.000 + (((UB(KK)**2 - 1.0DOI*(1.000 - ZO»*(PV -
21.0D0I)/(2.000*PV*C3))) 
ENPX(KK) = EPN*ZB(KK) 
EFPX(KK) = (ENPX(KK) - EPN)/ZO 
CG = PV/(PV + (l.ODO - Z0)*(1.0D0 - PV)*ZB(KK)) 
PB(KKI = RHOB(KK)**CG 
BBB(KK) = ((1.0D0/ZB(KK)) - CI - C2*(CG - l.ODO)/(2.000 
152 
l*C3*CG))/( l.OOO - Cl - C2*(CG - loOOO)/( 2. 0D0*C3*CG) ) 
WDL(KK) = ((1.000 - ZB(KK))/ZO) + ZBCKKl 
ECB(KK) = (OLOGd.OOO + BO*BBB(KK)))/(DLOG(1.0D0 * BO)) 
C 
C VERIFY ECB/UB = 1.0 FOR INTEGRAL APPROXIMATION 
C 
AIBIKK) = ECB(KK)/U3(KK) 
WRITE(6t26) X8,AB(KK),PB(KK),UB(KK),RH0B(KK),BBB(KK),CG 
26 FORMAT (7016.8) 
90 CONTINUE 
DO 91 K1 = 1,11 
LI = K1 - 1 
ALl = LI 
XBl = 0.100*ALl 
WRITE <6,28) XB1,ECB(K1),WDL(K1),AIB(K1),ZB(K1), 
lENPX(Kl), EFPX(Kiî 
28 FORMAT (7016.8) 
91 CONTINUE 
K2 = 3 
L2 = K2 - 1 
C 
C DETERMINE CONSTANTS OF INTEGRAL APPROXIMATION 
C 
A2 = 2.0D1*(1.0D0 - AIfi(L2)) - 5.000*(1.0DO - AIB(K2)) 
B2 - 1.0D2*( 1.000 - AIBIL2)) - 5.0Ol*(l.ODO - AIB(K2)) 
AP = -0.500*A2 
BP = B2/3.0DO 
DO 92 K3 = 1,10 
AK3 = K3 
XP = 0.1D0*AK3 
CE4K3) = C8*(XP * AP*XP**2 + BP*XP**3) 
CES(K3I = DSQRT(CE(K3n 
IF(CES(K3)/PHI(I) + 0.500*PHI(I) - 1.3011 201,201,301 
C 
C ZEROP - DENOMINATOR CF EQUATION 115 
C 
201 ZER0P(K3) = ((CESCK3) + 1.000- 0.5D0*PHI(I)**2I*DEXP(-
1CES(K3))) + (((0.4431134628D0*PHI(I)**3)*DERFC((CES(K3) 
2/PHI(l)) + 0.500»PHI(I)))*0EXP((CE(K3)/(PHI(I)**2)) + 
30.25D0*PHI(I)**2)) 
GO TO 202 
301 ZEB0P(K3) = (l.ODO + {(2.000*CE(K3#)/(2.000*CES(K3) + 
1PHI(I***2))I»DEXP<-CESCK3J) 
202 TTNP = (TTN*ZER0P(K3))/(UB(K3)*AB(K3)*ZER0G(I)) 
ITTNP = TTNP • 0.500 
WRITE (6,104) XPf CE(K3), CES(K3), ZER0P(K3), ITTNP 
104 FORMAT (4016.8,1116) 
ICOP = 0 
ICP = 0 
DO 94 K4 = 1,151 
********************************************************** 0 
0 
aN3 
dOiS 
gOMIlMOD OT 
anNiiNOD OS 
anNiiNoo 09 
3nNIlN03 Z6 
anNIiMOD LLL 
(8"tT0Z) ivwyod £LL 
(lUdNQ MIDIHO (E1Z*9) 3iIW 
Z-QT'0*dNii*9S*( III )ddd - (iDddd) = (il)dNO 
D 
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